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Principal upgrades in this edition.

(U1
(U2)
(U3)
(U4)

(U5)

(U6)
(U7)

(U8)

(U10)

(U11)

The title and abstract now lead with the manuscript’s completed technical results
rather than with an unexecuted renormalization program.

Programmatic statements are labeled Program Requirements; the final section con-
solidates them by dependency and proof burden.

The completion-band dynamics remains generated by an exact self-adjoint
Schrodinger Hamiltonian and its Feynman—Kac semigroup.

Orbit-type stratification and singular gauge-quotient geometry are made explicit in
the slow—fast construction.

The extensive holonomy-closure term is assigned a volume-uniform local polymer-
norm decoupling requirement; pointwise coefficient decay is no longer treated as
sufficient.

Restoration of full four-dimensional Euclidean covariance and isotropic normalization
is isolated as an independent continuum requirement.

The global completion band must contain the vacuum exactly, and Berry, Born—
Huang, and higher-rank band data remain explicit effective-action obligations.
The technical theorem core is separated from the DTT interpretation, enabling a
concise specialist submission.

A protected-band theorem now records the correct Kato connection V! = IId, its
curvature IT( dIT A dIT)II, and compatibility with a fixed positive-energy complex
structure.

Retained gauge-carrier bands are distinguished from auxiliary completion bands;
the former may carry physical holonomy, while the latter must be rank one, flat,
absorbed into the declared gauge data, or pushed to infinite energy.

Optional inner-spectrum trace functionals are classified as matching diagnostics only;
they may not replace a four-dimensional renormalization condition or introduce
residual log-periodic running in pure Yang-Mills.

Abstract

We study an auxiliary-time lattice gauge model through exact finite-regulator Hamilto-

nian and spectral methods. The first main result is a vacuum obstruction: if a nonconstant
multiplication window divides the strictly positive vacuum between its low and high
parts, then the natural unpunctured relative-mixing inequality for the vacuum-corrected
Schur—Feshbach map is impossible. We identify the exact offending terms and prove the
corresponding punctured repair. The second main result is an exact continuous-time
completion Hamiltonian, defined by a Friedrichs form and its Feynman—Kac semigroup,
together with a reversible vacuum Osterwalder—Schrader process. The third main result is
a quadratic-form Feshbach identity suitable for unbounded gauge Schrédinger operators
and an explicit auxiliary scaling in which the linearized relative and holonomy stiffnesses
diverge while the bare local closure coeflicient vanishes.

The model contains a compact auxiliary cycle inside each ordinary Euclidean-time

transfer slice. Spatial/auxiliary plaquettes define a nonnegative, gauge-invariant interrup-
tion functional that is exactly a Hilbert—Schmidt square of a covariant auxiliary difference.
Auxiliary axial gauge yields a holonomy-twisted spectrum and rules out any mass-gap
argument based solely on the first nonzero Fourier mode. To replace the failed hard-window
strategy, we formulate local completion Hamiltonians with genuine spectral bands, a strat-
ified slow—fast decomposition, gauge-compatible band patching, and form-level adiabatic
elimination. A new protected-band layer gives every smooth isolated cluster its intrinsic
Kato connection and makes a crucial role distinction: a retained carrier band may encode
gauge holonomy, but a completion band introduced only to remove auxiliary modes must
have trivial, absorbed, or infinitely costly geometric holonomy. The intrinsic connection is
VI = I1d; the often-written expression ITdII|ran 11 vanishes because II( dIT)II = 0 and is
not the connection.




The remaining steps are presented as program requirements: a nonlinear regulator-
uniform completion band; a volume-uniform local polymer bound proving that the auxiliary
closure device disappears from the four-dimensional effective action; scale-uniform lattice
gauge rigidity and Poincaré inequalities; a gauge-covariant renormalization trajectory
connecting asymptotic freedom to a massive infrared domain; restoration of full Euclidean
covariance; construction of a nontrivial continuum Osterwalder—Schrader theory; auxiliary
invisibility; and intrinsic pure-Yang—Mills universality. The DTT language of recurrent
inner-time generation and outer-time observation supplies an interpretation of the auxiliary
construction, but no interpretive premise is used in place of these estimates. The paper is
therefore a rigorous framework and proof audit, not a completed Yang—Mills proof.

Claim-status convention. A statement labeled Theorem, Proposition, Lemma, or

Corollary is proved in the manuscript from prior displayed hypotheses or from a specifically
cited standard theorem. A statement labeled Program Requirement is a required new

result that is not proved here. A Proof Audit records exactly why the preceding material
does not establish a requirement. No program requirement is used as though it had

already been proved.
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1 Introduction, completed results, and proof boundary

This article is organized around a completed technical theorem rather than around a claimed
solution of four-dimensional Yang—Mills theory. The central obstruction concerns a natural
low/high decomposition by a multiplication operator. A positive ground state is generally
cut by such a window, and the rank-one vacuum correction in the gap operator changes the
off-diagonal block. The resulting relative-mixing inequality fails strictly on the transported
vacuum component.

Theorem 1.1 (Symmetry-protected hard-window obstruction). Let T be a bounded positive
self-adjoint operator, let Q) be a unit vector with T = Q, let 0 < r < 1, and set

G=rl-T+ (1—1r)|Q)(Q|.
Let P be an orthogonal projection, Q = I — P, and assume
w=PQ#0, C=QN#0, D=QGQ >dQ (d>0).

Then
(w, PTQD™'QTPw) > (w, PGPw) > 0. (1)

Consequently no n < 1 can satisfy
PTQD QTP < nPGP (2)
on the whole low space PH.

The proof is given in section 12.2. The theorem has two consequences. First, the vacuum line
must be transported exactly or removed before a strict relative estimate is formulated. Second,
a local-to-global proof should not be based on classical zero sets of plaquette multiplication
operators: those sets may have measure zero and therefore provide no nonzero local quantum
ground vectors.

The second completed contribution is an exact finite-regulator Hamiltonian framework.
The auxiliary-time model is generated by a Friedrichs Schrédinger operator, not by an assumed
logarithmic identification with a single Strang step. Its positive semigroup has a unique ground
state and a reversible two-sided vacuum process. The third contribution is the form-level
Schur—Feshbach identity of theorem 18.3, which is adapted to unbounded gauge Hamiltonians.
A frozen auxiliary scaling also yields a genuine linearized fast-sector window: relative auxiliary
modes and the holonomy mean mode acquire diverging tangent stiffness, while the bare local
closure coefficient tends to zero.



1.1 Main results and novelty boundary

Result Status Mathematical role

Vacuum obstruction for Proved Rules out a natural but false

an unpunctured hard relative-mixing estimate and identifies the

window transported-vacuum correction exactly.

Punctured Proved Gives the correct finite-regulator reduction

vacuum-compatible after removal of the transported vacuum

Schur—Feshbach criterion line.

Exact Friedrichs Proved Supplies a common self-adjoint generator,

Hamiltonian and vacuum positive semigroup, unique vacuum, and

OS process reflection-positive vacuum representation.

Quadratic-form Feshbach  Proved Replaces an inappropriate bounded-block

identity assumption for unbounded gauge
Schrédinger operators.

Linear auxiliary fast-scale Proved Shows divergence of tangent relative and

window holonomy stiffness for one frozen scaling; it
is not a nonlinear spectral-band theorem.

Nonlinear band, Open program These contain the model-specific and

four-dimensional RG, Yang—Mills-specific estimates required for a

continuum, and full solution.

universality

The standard ingredients are compact-group heat kernels, Friedrichs extensions, Perron—
Frobenius theory, the Osterwalder—Schrader construction, Riesz projections, and Schur—
Feshbach identities. The model-specific contributions are the covariant interruption observable,
the exact hard-window obstruction, the punctured repair, and the proposed completion-band
regulator with its explicit scaling analysis.

1.2 Technical independence from the DTT interpretation

The DTT language motivates the distinction between an auxiliary recurrent completion
coordinate and the outer transfer time. It also motivates the phrase inner-flow interruption
for nonzero mixed covariant curvature. None of the finite-regulator, spectral, or form-theoretic
theorems depends on accepting an ontological interpretation of inner time. The quaternionic
readout and Lorentzian record-cone sections are therefore structural background, not premises
in the gauge-theory estimates.

1.3 Scope of this umbrella preprint

The paper keeps the complete dependency graph because its purpose is to identify exactly what
a constructive completion would require. Program requirements appear at the points where
they are consumed and are consolidated in section 32. A separate focused technical manuscript
extracts the no-go theorem, exact Hamiltonian, punctured reduction, and form-Feshbach
results for specialist review.

1.4 The exact endpoint

Let G be a compact connected Lie group with simple Lie algebra g. Let 20y be the countable
gauge-invariant Euclidean core defined in section 27. The endpoint of the construction is the
following statement.



Program Requirement 1.2 (Four-dimensional Yang-Mills existence and mass gap). For
every such (G, construct a continuous Euclidean functional

Sg:QH—MC

on the completion of Wy, satisfying normalization, Euclidean covariance, permutation symme-
try, reflection positivity, regularity, locality after reconstruction, clustering, and nontriviality.
Its Osterwalder—Schrader reconstruction must give a Hilbert space H¢, a unique vacuum g,
a local gauge-invariant observable net, and a nonnegative Hamiltonian H¢g such that

HgQe =0, SpeC<HG|Qé) C [Ag,0) (3)

for some Ag > 0. The construction must be intrinsically associated with pure Yang-Mills and
independent of the admissible auxiliary regulator.

Equation (3) is a program requirement, not a result of the present manuscript. The purpose
of the paper is to define a single route to it, prove every formal implication in that route, and
isolate the genuinely new analytical statements that remain.

1.5 What is proved here

The following components are established in full.

(P1) Under explicit finite-dimensional algebraic and record-covariance hypotheses, the local
displacement carrier is quaternionic and its center-insensitive readout is W ~ R3.

(P2) Under explicit completion-order and soldering hypotheses, the observer-level record cone
is the rank-two spin-factor cone and determines a Lorentzian conformal structure.

(P3) Compact inner-time phase symmetry and Lorentzian causal symmetry are separated
representation-theoretically.

(P4) A frozen auxiliary-time lattice gauge model has an injective, compact, positivity-improving
heat-kernel transfer operator, a unique positive vacuum, a well-defined Hamiltonian, and
a two-sided vacuum OS process. The upgraded completion-band regulator is separately
defined by an exact Friedrichs Schréodinger Hamiltonian and its exact semigroup.

(P5) Mixed plaquettes are exact Hilbert—Schmidt squares of covariant inner-time differences.
Their holonomy-twisted spectrum and zero set are determined exactly.

(P6) The global hard-window vacuum obstruction and the corrected punctured Feshbach
theorem are proved.

(P7) A normalized linear completion model has a transverse stiffness bounded below by the
minimum of its nonzero Fourier stiffness and its holonomy-closure stiffness. For the frozen
scaling of section 7.4, both tangent stiffnesses diverge in physical units.

(P8) Abstract spectral-band, operator and quadratic-form Feshbach, IMS-localization, Poincaré-
to-gap, exponential-decay-to-gap, and Mosco gap-transfer theorems are proved; the
operator resolvent estimate is stated with all Schur-complement terms.

(P9) Equality of continuous OS functionals on the explicit countable core implies unitary
equivalence of the reconstructed vacuum theories.

(P10) A smooth isolated spectral cluster defines a Hermitian vector bundle with Kato connection
and curvature expressed directly through its Riesz projection. For a fixed symmetry-
compatible positive-energy complex structure, the band projection and all invariant
Feshbach reductions are complex-linear. This standard bundle theorem is used to separate
retained gauge-carrier bands from removable completion bands.

1.6 What remains to be proved

The proof is not complete until four model-specific packages have been established.



(M1) Exact slow—fast reduction and nonlinear completion band. Disintegrate the exact
completion Hamiltonian into physical base and auxiliary fast forms, prove a regulator-
uniform fast spectral band in every holonomy, boundary, and flux stratum, classify its
Kato holonomy, and control Berry/Born-Huang terms without confusing a retained
gauge-carrier band with a removable completion band.

(M2) Four-dimensional nonabelian coercivity. After eliminating the completion band,
prove a block Poincaré inequality and a gauge-covariant RG trajectory connecting asymp-
totic freedom to a massive infrared domain.

(M3) Constructive continuum limit. Construct nontrivial limiting Schwinger functions and
prove the full OS package and gap-preserving comparison-space convergence.

(M4) Auxiliary invisibility and universality. Prove divergence of every purely auxiliary
excitation, scalarization of neutral auxiliary observables, disappearance of Berry data,
and intrinsic pure-Yang—Mills universality.

These are not missing editorial details. Package (M2), in particular, contains the genuinely
nonabelian infrared theorem.

1.7 Main conditional implication
The whole paper is organized to prove the following exact implication.

Theorem 1.3 (Completion-band proof-transfer theorem). Fix G and the requlator family of

section 7. Assume that the following theorem packages are proved for that family:

(H1) the slow—fast disintegration, nonlinear local band, protected-band role, Berry-control, and
global band results in theorems 5.7, 14.6, 15.4, 16.4, 16.6, 16.8 and 17.5;

(H2) the scaling-window, spectral-correction irrelevance, effective-action, and gauge-covariant
RG results in theorems 19.4, 19.5, 22.1, 253.1, 23.3 and 24.2;

(H3) the massive-domain clustering and multiscale Poincaré results in theorems 25.1 and 26.1;

(H4) the continuum OS and comparison-space convergence results in theorems 28.4 and 29.3;

(H5) the auziliary-invisibility and intrinsic-identification results in theorems 30.2 and 31.1.

Then the functional constructed in theorem 28.} satisfies theorem 1.2 with a positive gap Ag

supplied by theorem 26.1.

Proof. The finite-regulator transfer and OS theory are constructed in sections 8 and 9. The
completion-band hypotheses and the abstract adiabatic theorem of section 18 identify the
low-energy DTT dynamics with a quasi-local four-dimensional effective gauge Hamiltonian.
The RG, clustering, and Poincaré hypotheses give a regulator-uniform lower bound

H® > Ag  on (Q°)L.

The comparison-space theorem in section 29 transfers the same lower bound to the continuum
Hamiltonian. The auxiliary-invisibility theorem identifies the continuum physical net with
its four-dimensional neutral subtheory, and the intrinsic-identification theorem verifies the
Yang—Mills field content, Ward identities, ultraviolet normalization, and universality. The
continuum OS reconstruction therefore yields the pure Yang—Mills Hamiltonian, and the
transferred lower bound is exactly (3). O

The theorem is a complete logical implication. Its hypotheses are not asserted to have been
proved.



1.8 Dependency map

compact recurrence, rank-three records, and outer completion order

4

finite reflection-positive auxiliary-time gauge regulator

4

exact slow—fast Hamiltonian decomposition and transverse spectral band

4

adiabatic Feshbach elimination and effective four-dimensional gauge action

4

gauge-covariant RG, block Poincaré inequality, and massive-domain capture

4

regulator-uniform physical gap

4

nontrivial OS continuum limit, auxiliary invisibility, and YM universality

- J

The specifically DTT step is the construction and elimination of a transverse completion
band. The specifically Yang—Mills step is the nonabelian multiscale coercivity of the effective
four-dimensional theory. Neither may be substituted for the other.

1.9 Organization

Sections 2 to 6 establish the symmetry, protected-band, and record-geometric architecture.
Sections 7 to 10 construct and analyze the finite regulator. Sections 11 and 12 give the
interruption response, the vacuum-compatible Feshbach map, and the hard-window no-go
theorem. Sections 14 to 19 develop the completion-band redesign. Sections 20 to 26 specify the
genuinely nonabelian proof engine. Sections 27 to 31 treat the continuum and identification
stages. The final section gives the exact status ledger and the shortest proof-production order.

Part 1

Structural background and exact
finite-regulator theory

Logical separation. The finite-regulator gauge construction begins in section 7. Its
definitions and proofs do not require the quaternionic or chronogeometric interpretation in
sections 3 and 6. Those sections explain the broader DT'T motivation and the separation
of phase and causal roles; they are not used as substitutes for gauge-theory coercivity.



2 Formal architecture, symmetry levels, and source discipline

2.1 Outer time and auxiliary time

Outer time is the transfer direction. The positive operator T;, propagates one outer-time
step a;n, and reflection positivity is imposed across an outer-time hyperplane. The auxiliary
coordinate 7 € Cy,, lies inside a single transfer slice. Its cyclic translation is an internal

symmetry, not the physical Hamiltonian evolution. These roles are never interchanged.

2.2 Four non-equivalent symmetry layers

The attached symmetry manuscripts use the word symmetry for several structures that must
not be collapsed into one another. The present proof audit distinguishes the following levels.

Definition 2.1 (Symmetry hierarchy). At finite regulator n, the relevant symmetry data are:

(S1) the compact inner-time recurrence group Cl, ,, represented by the unitary shift R p;

(S2) the compact slice gauge group G,, whose invariant subspace defines the gauge-reduced
Hilbert space rather than an ordinary global-symmetry multiplet;

(S3) a compact regulator symmetry group S,, generated by those spatial translations, cubic
rotations, center/flux transformations, and inner shifts that preserve the frozen boundary
sector and commute with T,, and K;

(S4) the outer-time reflection and positive transfer semigroup, which reconstruct the phys-
ical Hamiltonian and, only after a Lorentzian continuum reconstruction, the proper

orthochronous causal symmetry.

The same operator must not be interpreted simultaneously as a generator of all four levels.
In particular, R, is periodic and unitary, whereas T, is a positive contraction. Gauge
invariance is a constraint on physical states, compact recurrence organizes phase sectors, and
Lorentz symmetry belongs to the observer-level causal readout.

2.3 Observation as a symmetry filter

The record-oriented drafts describe observation as a transition from a richer latent completion
structure to a stable public order; the published dual-time topology paper supplies comple-
mentary connection, projection, and hidden-channel language [6, 50]. The finite-regulator
analogue is a group average rather than an assumed measurement postulate. For bounded
operators on the slice Hilbert space define

1
E;n(A) = ~

Nym—1
> RL,AR]. (4)
) ]:0
Proposition 2.2 (Inner-time observation filter). The map E.,, is a normal unital completely
positive idempotent map onto the commutant of the cyclic inner-time action. On vectors, the
corresponding average

| Nrn-l
P()’n = Z Rz-zn
NT,’I’L j:0

is the orthogonal projection onto the inner-translation-invariant subspace. If an operator
commutes with Ry, then it is fized by E,,, and reduces Pom’Hfll.

Proof. Equation (4) is the finite-group Reynolds average. Each summand is a unital *-
automorphism, so the average is unital and completely positive. Reindexing the finite sum



proves idempotence and shows that its range is precisely the fixed-point algebra. The vector
statement follows because a finite average of a unitary representation is the orthogonal
projection onto its invariant vectors. The final assertion is immediate. O

This is a rigorous version of symmetry filtering. It does not by itself describe spontaneous
symmetry breaking: the averaged dynamics still commutes with the inner-time symmetry. A
state that fails to be invariant in an infinite-volume limit, or a parent theory with degenerate
temporal vacua, would require an additional order-parameter and phase-selection theorem.

Warning 2.3 (No primitive ¢ <» 7 exchange symmetry). Some attached dual-time drafts
introduce a pre-observation interchange symmetry between inner and outer temporal roles
and a gauge-invariant phase-gradient order parameter. The frozen Yang—Mills regulator used
here does not possess such an exact coordinate exchange: outer time is the reflection/transfer
direction and inner time is a compact completion coordinate. Accordingly, no quartic temporal
symmetry-breaking potential is imported into the proof. The mathematically controlled
remnants are role selection, future orientation, the conditional expectation (4), and the
covariant interruption defect defined in section 11.

2.4 Permitted logical moves

The audit uses the following rules.
(i) A fixed-regulator spectral gap obtained from compactness may depend arbitrarily on n; it

is not a physical mass gap.

(ii) A two-loop formula may define a bare numerical sequence, but it does not prove convergence
of a nonperturbative measure.

(iii) The spectrum of a configuration-dependent auxiliary difference operator is not the spec-
trum of K,,, T;,, or H,.

(iv) A classical zero set is not automatically a quantum local ground space in L2. In the
present continuous-group multiplication model, the exact zero set has Haar measure zero.

(v) The trivial-holonomy zero-mixed-curvature stratum may be identified with ordinary lattice
Yang—Mills configurations, but that identification supplies no infrared estimate.

(vi) A Schur complement identifies the exact effective operator; it does not determine its sign.

(vii) Compact inner-time translation may remain an exact symmetry while individual configu-
rations carry a nonzero covariant interruption defect. Such a defect is not spontaneous
breaking of the Yang—Mills gauge symmetry.

(viii) A pre-observation role-exchange symmetry or quartic temporal order-parameter potential
is not part of the frozen regulator unless separately defined and proved compatible with
reflection positivity.

(ix) No continuum object is named YM until its correlation functions, observable net, and
dynamics have been identified without using that name as a definition.



2.5 Dependency order

The only admissible order is

compact symmetry, record geometry, and regulator data

4

finite transfer operator and symmetry-protected vacuum

4

inner-flow interruption window and symmetry blocks

4

vacuum-compatible punctured Feshbach response

4

uniform punctured coercivity and continuum OS limit

4

auxiliary invisibility, intrinsic identification, and mass gap.

The hard-window branch reaches the Feshbach map and then disproves the unpunctured
mixing premise. The completion-band branch developed in Part II is a distinct redesign: it
replaces the multiplication window by genuine spectral bands and proves only the abstract
consequences of the still-targeted uniform band and RG estimates. No unproved arrow in
either branch is treated as established.

3 Quaternionic rank-three record geometry

The role of this section is deliberately limited. It provides one mathematically explicit route
from recurrent phase composition to an oriented three-dimensional local displacement carrier.
It does not prove a field equation, a continuum limit, or a mass gap. The construction
is included because it explains why the spatial lattice used later may be regarded as an
observer-level record space rather than as an unexplained primitive.

3.1 Algebraic and record hypotheses

Assumption 3.1 (Quaternionic record package). Let A be a finite-dimensional unital associa-
tive real algebra. Assume:
(Q1) there is a positive-definite quadratic norm N : A — R>( such that

N(ab) = N(a)N(b),  N(1)=1;

(Q2) A contains an element j with j2 = —1, representing a selected recurrent phase;

(Q3) A contains another element k with k? = —1 and jk # kj;

(Q4) the connected inner automorphism group Inng(A) acts on a nonzero real record space
R C A*, the record space annihilates the center, and it is invariant under the dual inner
action;

(Q5) the record family is operationally complete: its common kernel is exactly Z(A).

The last condition means that two algebra elements have the same observable displacement
record precisely when they differ by a central scalar component.

Lemma 3.2 (Division property). Under theorem 3.1, every nonzero element of A is invertible.
Proof. If a # 0, then N(a) > 0. If ab = 0, multiplicativity gives
0 = N(ab) = N(a)N(b),



so N(b) = 0 and hence b = 0. Thus left multiplication by a is injective. Since A is finite
dimensional, it is surjective, and there is b with ab = 1. The same argument for right
multiplication gives ¢ with ca = 1; associativity implies b = ¢. Therefore a is invertible. ]

Theorem 3.3 (Quaternionic carrier and rank-three readout). Under theorem 3.1, the normed
algebra A is isomorphic to the quaternion algebra H. The intrinsic record map

rr: A — R*, rr(a)(l) = £(a),
has kernel Z(A), and its image is naturally isomorphic, as a real representation of Inng(A), to
W :=A/Z(A) ~H/R1 ~ImH ~ R3.

Proof. By theorem 3.2, A is a finite-dimensional associative real division algebra. Frobenius’
classification gives
A~R, C, or H.

The existence of j2 = —1 excludes R, while the noncommuting pair j, k& excludes C. Hence
A ~ H. The common kernel of the record family is Z(A) by operational completeness, so the
first isomorphism theorem gives imrg ~ A/Z(A). For A ~ H, the center is R1, and every
coset has a unique purely imaginary representative. This identifies the quotient linearly and
equivariantly with Im H, which has real basis 1, j, k. O

3.2 Metric, orientation, and the direction sphere

The quotient W = A/Z(A) is a real vector space and representation, not a quotient algebra.
Let
s: W —ImH

be the canonical map selecting the unique purely imaginary representative.
Proposition 3.4 (Quaternionic metric and cross product). There are unique bilinear maps
(,) W xW =R, X WxW-—->W

such that
s(u)s(v) = —(u,v) + s(u x v). (5)

The first is a positive-definite Euclidean inner product and the second is the associated oriented
cross product. In particular,

> ol = [lul*[|v]|* = (u,v).

Proof. For purely imaginary quaternions x, y, the real part of zy is symmetric and the imaginary
part is antisymmetric. Set

(u,v) = —Re(s(u)s(v)), s(u x v) =Im(s(u)s(v)).

The quaternion norm gives N(z) = 2z = ||z||?, so the first form is the usual Euclidean inner
product on ImH. Expanding N(zy) = N(z)N(y) and separating scalar and imaginary parts
gives the displayed cross-product identity. The ordered basis (i, j, k) fixes the orientation
through ij = k. O

Proposition 3.5 (Rotations and Hopf directions). Conjugation by unit quaternions induces
the standard double covering

Sp(1) — SO(W),  q:ur— s (gs(u)g™),
with kernel {£1}. Fizing a unit phase j € ImH, the unit sphere of directions is naturally
S(W)~S3/U(1); ~ CP" ~ S%



Proof. Quaternionic conjugation preserves real part and norm, so it acts orthogonally on Im H.
The action preserves orientation and has kernel {£1}; the usual axis—angle parametrization
gives surjectivity onto SO(3). The right action of U(1); = {exp(jf)} on unit quaternions is
free, and the map ¢ — —¢jg~! is constant on right-phase orbits and surjective onto the unit
imaginary quaternions. This is the Hopf fibration. O

Proof Audit 3.6 (Scope of the rank-three theorem). The theorem selects a local oriented
Euclidean carrier under strong constitutive hypotheses. It does not prove that these hypotheses
are uniquely forced by a microscopic theory, does not construct global spacetime, and supplies no
lower bound for the Yang—Mills Hamiltonian. The later gauge construction can be formulated
on an ordinary cubic lattice even if this section is omitted. Its role is explanatory and
organizational.

4 Compact symmetry, Real commutants, and causal separation

The compact-symmetry manuscripts supply two ingredients that are directly useful for the
low-window problem: a block calculus for symmetry-compatible operators and a theorem
preventing compact phase geometry from being confused with Lorentzian causal geometry
[3-5].

4.1 Real isotypic blocks and carrier algebras

Let U, : S, = O(Ky,r) be a strongly continuous orthogonal representation of a compact
regulator symmetry group on a real Hilbert space. For a finite-dimensional Sy-invariant
subspace £ C K, g, complete reducibility and the real Schur lemma give the following
standard form.

Theorem 4.1 (Real compact-symmetry block form). There is an orthogonal decomposition

E= B V, ®p, M, D, := Endg, (V) € {R,C,H}, (6)

oEXE

where Vy is an irreducible real S, -module and M, is its multiplicity space. Every self-adjoint
operator A on E commuting with S,, has the form

A= P Iy, ® A, A, € Endp, (M,), A, = A~ (7)

cEX R

Consequently, A > cl if and only if A, > ¢l on every multiplicity block.

Proof. Average an inner product over S,, and decompose F into real isotypic components. On
an irreducible real component, the commutant is a finite-dimensional real division algebra
and is therefore R, C, or H. The standard multiplicity-space description identifies the
equivariant endomorphisms of an isotypic component with D,-linear endomorphisms of M,.
Self-adjointness and order are tested blockwise. O

Corollary 4.2 (Symmetry reduction of a dangerous cluster). Suppose T;,, K, and Pq,
commute with Sy, and let I1,, be a finite-rank Sy -invariant dangerous-cluster projection. Then
every Feshbach operator built from these data commutes with S,,, and its restriction to 11, H
reduces to the multiplicity matrices in (7). Real-, complex-, and quaternionic-type sectors can
therefore be tested independently.

Proof. Functional calculus preserves commutation, as do sums, products, compressions by
invariant projections, and inverses on invariant reducing subspaces. Apply theorem 4.1. [
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On a complex-type irreducible, invariant orthogonal complex structures form the sign pair
{£J}; on a real-type irreducible there is none; on a quaternionic-type irreducible there is
an S2-family. Periodic S! symmetry removes the sign ambiguity after a positive-frequency
orientation is selected, while a finite cyclic approximation requires a compatible orientation of
paired characters. This is the representation-theoretic sense in which inner-time recurrence
can generate complex kinematics without yet generating a mass scale.

4.2 Compact phase symmetry cannot itself be Lorentzian

Theorem 4.3 (Separation of compact phase and causal forms). Let V # 0 be an irreducible
real orthogonal representation of a compact group S. FEvery continuous S-invariant symmetric
bilinear form on'V is a real scalar multiple of the invariant positive-definite inner product. Hence
no nondegenerate S-invariant split-signature form exists on V. A complex-type sector may
carry an invariant orthogonal complex structure, but it cannot carry an invariant Lorentzian
metric on the same irreducible carrier.

Proof. Represent an invariant symmetric bilinear form as B(x,y) = (x, Ay) relative to the
invariant inner product. Then A = A* and A commutes with S. In finite dimension, A has
a real eigenvalue A. The intertwiner A — AI is noninvertible. By irreducibility and the real
Schur lemma, every nonzero intertwiner is invertible, so A = AI. The signature is therefore
definite up to an overall sign. O

Remark 4.4 (Where Lorentzian symmetry may occur). The theorem does not forbid a split
form on a reducible representation, a multiplicity space, or a reconstructed record bundle. It
says that compact phase symmetry and Lorentzian causal geometry must occur at different
structural levels. This distinction is essential below: inner-time interruption is measured
by a positive compact-sector defect, whereas outer-time causality is carried by the soldered
completion cone.

5 Protected spectral bundles, Kato holonomy, and band-role
separation

The protected-eigenspace construction developed in the companion inner-time spectral-
geometry manuscript is useful here only after a precise distinction is made. An isolated fast
spectral cluster always carries an adiabatic vector-bundle connection; whether that connection
is a desired physical gauge field or an unwanted remnant depends on the role of the band.
The general statement is standard, but its use in the completion-band program is structurally
decisive [38-41].

Definition 5.1 (Smooth isolated spectral band). Let M be a smooth parameter manifold
and let u — K (u) be a C! family of self-adjoint operators on a fixed complex Hilbert space
with common form domain. Assume that a positively oriented contour I' lies in the resolvent
set of every K (u) and encloses a finite spectral cluster of constant rank m. Define

M) = — /F(z CK(u)'ds,  Fu—RanT(u). (8)

~ 2mi

The family E = | |,cp; Eu — M is called the protected band bundle.

Theorem 5.2 (Kato connection of a protected band). Under theorem 5.1, E — M 1is a
rank-m Hermitian vector bundle. Its intrinsic adiabatic connection s

Vils =11 ds (9)

11



for smooth sections s of E. In a local orthonormal frame ey, ..., ey, the skew-Hermitian
connection matriz and curvature are

Aab = (€a, dep), FU = TI(dIT A dIDIL. (10)
Parallel transport is unitary, so the holonomy group is a subgroup of U(m).

Proof. Norm differentiability of the resolvent integral gives a C'' projection field of constant
finite rank, hence a Hermitian subbundle. For sections s, ¢ with IIs = s and IIt = ¢,

d(s,t) = (Ilds,t) + (s,11dt),

so VI is metric compatible. In a local orthonormal frame its matrix is Ay = (eq, dep), which
is skew-Hermitian by differentiation of (e, e5) = dqp. The standard projection calculation gives
(V2 = TI(dIT A dIT)II. Metric compatibility makes the parallel transport unitary. O

Warning 5.3 (The connection is not IIdII|g). Differentiating I1* = II gives IT( dII)II = 0.
Hence I1dI1| g is identically zero and cannot be the adiabatic connection. The correct coordinate-

free connection is V! = ITd acting on sections; its curvature is the projection formula in
(10).

Proposition 5.4 (Compatibility with a fixed positive-energy complex structure). Let the
underlying real Hilbert bundle be trivial and let J be a fized bounded orthogonal complex
structure. Suppose J Dom K (u) C Dom K (u) and K(u)J = JK(u) for every u. Then

[MI(u),J] =0,  V1(Js)=JVis.

If, in addition, the slow and fast forms and their reducing projections commute with J, then
the associated operator or quadratic-form Feshbach reductions are J-linear.

Proof. The resolvent of K (u) commutes with J, so the Riesz integral (8) does as well. Since J
is independent of w,
VI(Js) =11d(Js) = I1J ds = JIIds.

The Feshbach assertion follows because sums, compressions, inverses on reducing subspaces,
and Riesz representatives of J-invariant forms preserve commutation with J. O

Definition 5.5 (Carrier band and completion band). A carrier band is retained in the physical
low-energy theory; its Kato holonomy may represent physical internal gauge structure. A
completion band is introduced only to isolate and eliminate auxiliary inner-time excitations; its
geometric connection must therefore become trivial, scalar, absorbed into the already declared
gauge data, or energetically inaccessible in the continuum limit.

Proposition 5.6 (Conditional rank reductions for retained carrier bands). Let E — M be a
retained protected band bundle with Kato connection.
(i) If rankc E = 1, its structure group is U(1).
(ii) If rankc E = 2 and E carries a parallel antiunitary map J with J2 = —1I, the structure
group reduces to Sp(1) ~ SU(2).
(iii) If rankc E = 3 and the connection preserves a nowhere-vanishing complex volume form,
the structure group reduces to SU(3).

Proof. The first statement is the unitary automorphism group of a Hermitian line. In complex
rank two, unitary automorphisms commuting with a quaternionic structure form Sp(1). In
complex rank three, preserving a complex volume form imposes determinant one on the unitary
holonomy, giving SU(3). O

12



Program Requirement 5.7 (Band-role and no-extra-gauge compatibility). For the pure
Yang—Mills completion regulator, prove one of the following for every low-energy completion
band: it is rank one with a globally positive real generator; its Kato curvature tends to
zero in a volume-uniform local norm; its holonomy is a scalar flat connection absorbed into
declared topological data; or the entire nontrivial holonomy sector has energy tending to
infinity. If a retained carrier-band branch is used to generate the prescribed gauge group
G, prove that its holonomy reduces exactly to G and coincides with the connection entering
the Wilson-loop/curvature core. No additional U(m) factor may survive merely because an
auxiliary band is degenerate.

Remark 5.8 (Two distinct triplets). The real spatial triplet W ~ ImH ~ R? and a complex
rank-three carrier band are different objects. The former is an observer-level displacement
module; the latter, if present, is an internal Hermitian bundle whose volume-preserving
holonomy may reduce to SU(3). Equality of the number three does not identify the two
sectors.

Proof Audit 5.9 (What protected-band gauge geometry does not prove). The existence
of a Kato connection is automatic once a smooth isolated cluster has been supplied. The
rank-(1, 2, 3) reductions are conditional on the existence of those ranks and the stated parallel
structures. They do not derive the cluster pattern, Yang—Mills dynamics, asymptotic freedom,
or a mass gap. For the Clay-facing fixed-group problem, the gauge group is prescribed in
advance; the immediate role of theorem 5.2 is to detect and eliminate unintended band
holonomy, not to replace the nonabelian coercivity theorem.

6 Symmetric completion order and Lorentzian outer-record
geometry

The chronogeometry draft reconstructs Lorentzian symmetry from stable completed records
rather than identifying it with the compact inner-time phase geometry [1, 6]. The minimum
kinematic bridge needed here is recorded as an explicit conditional theorem.

Assumption 6.1 (Record-geometric bridge). Let M be a smooth connected manifold. Assume:

(C1) an oriented real clock line bundle L — M with an exact positive additive duration
coordinate;

(C2) an oriented Euclidean rank-three record bundle W — M, locally identified with the
quaternionic center-blind readout Im H;

(C3) a smooth soldering isomorphism o : L& W — T'M,;

(C4) a proper homogeneous self-dual completion cone C;f,. C L & W, self-dual for a specified
positive pairing, together with an order unit e and an SO(W)-action that preserves the

cone and pairing, fixes e, and acts irreducibly on W.

Theorem 6.2 (Spin-factor reconstruction of outer causal symmetry). Under theorem 6.1,
dim M = 4. After one positive rescaling of the length unit on W, the Euclidean Jordan product
on each record fiber is

(t,z) o (s,y) = (ts + (z,y), ty + sx), (11)
and the cone of squares is
C:E:{(T,yc) EROW:T >0, ||| <T}. (12)
Its determinant
(T, ) = T% — ||| (13)
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has Lorentzian signature, and U(C’:; ) C TM determines a time-oriented Lorentzian conformal
class. After a clock and length calibration, the cone automorphisms reduce to the proper
orthochronous Lorentz group.

Proof. The soldering isomorphism gives dim M = rank(L & W) = 1 + 3. By the Koecher—
Vinberg correspondence, a finite-dimensional homogeneous self-dual order-unit cone is the cone
of squares of a Euclidean Jordan algebra. The stabilizer SO(W) acts by Jordan automorphisms.
Since

Sym?(W) 2 R @ Sa(W)

contains one trivial summand and no copy of W, equivariance forces = oy = a(z,y)e with

a > 0; rescale W to obtain (11). The spectral idempotents (e + z/||z|) give (12). The

standard Hermitian realization in Herms(C) has determinant (13); cone-preserving transition
maps are positive Lorentz similitudes, so the soldered cone determines a conformal Lorentzian
metric. Calibration fixes the remaining scale [9]. O

Proof Audit 6.3 (Kinematics is not a mass-gap estimate). Theorem 6.2 reconstructs the
observer-level causal arena and its symmetry. It does not determine a matter action, a glueball
spectrum, or a lower bound for the Yang—Mills Hamiltonian. The connection with mass enters
only through the interruption-response mechanism of section 11.

7 Frozen group data, regulator family, sectors, and scale

7.1 Compact simple-Lie-algebra gauge groups

Fix throughout a compact connected Lie group G whose Lie algebra g is simple. The global
form of G is not fixed: it may be simply connected, adjoint, or an intermediate quotient. Let

m:G— G, I' =Kerm = m(G),

be the universal covering homomorphism. Then I' is finite and central. Fix an Ad-invariant
inner product (-,-)y, normalized so that the adjoint quadratic Casimir is C4 > 0. Fix once
and for all a faithful finite-dimensional unitary representation

p:G—U(d)).
There is a unique c, > 0 such that
= Tr(dp(X)dp(Y)) = cp(X,Y)g.
Define the normalized plaquette defect
ly(g) = c;l ReTr(Ig, — p(g))- (14)

Lemma 7.1 (Plaquette-defect normalization). The function £, is continuous, nonnegative,
conjugation invariant, and satisfies

l(g)=0 <= g=e.
For X — 0 in g,

fylexp X) = 30X, X)q + O(IX1").
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0

Proof. Every eigenvalue of the unitary matrix p(g) has the form e!% so

ReTr(I — p(g)) = > (1 —cosb;) > 0.
J
It vanishes exactly when every eigenvalue equals one, hence when p(g) = I. Faithfulness gives

g = e. Conjugation invariance and continuity follow from the trace. Since g is semisimple,
Tr(dp(X)) = 0. Expanding the exponential and taking real parts gives

ReTr(7 — o)) = — L Tr(dp(X)*) + O(IX ) = (X, X)q + O X ")

7.2 Physical scale and the diagonal regulator sequence

Fix a reference inverse length A, > 0. All dimensionful constants are measured relative to
A,; in particular a proposed physical mass m means m/A, is held fixed as the regulator is
removed. For integers n > ng, define

2—n 9n
A, A,

2—2n
An = (anyat,nanaaT,nyNT,n) = ( 722n7’2n> . (15)

A
Here L,, is the number of sites in each spatial direction. Thus

anA* = ath* — 2_”’ CLT,nA* = 2_211’ (16)

n —n
R, :=Ly,a, = — — o0, Brn = Nrparp =—— —0.
Ay A,

This is one diagonal family, not a collection of unspecified iterated limits.

7.3 A precise two-loop reference bare-coupling sequence

Set
p _ 11Ca b 34C3% (17)
07 3(4m)2’ LT 3Am
For > 0, define
1
O;(z) = exp (_Qbom) (box)_bl/(%g). (18)

Choose ng large enough that 27" < ®;(bg/(2b1)) for every n > ng, and define g, > 0 to be
the unique solution in

bo
0<g? < —
of
anhs = 27" = Bg(g2). (19)

Proposition 7.2 (Existence and ultraviolet behavior of the reference sequence). The sequence
gn in equation (19) is well defined, satisfies g, — 0, and obeys

1 logn
PR ——| ) 2
In QbonlogQ( +O< n )) (20)

15



Proof. A direct differentiation gives

d bo — b1z

dx
Hence @ is strictly increasing on (0,b9/b1), and ®¢(x) — 0 as . 0. The choice of ng gives
existence and uniqueness in the declared interval. Taking logarithms of equation (19) yields

bl 2
— log(b .

log2 =
"R g2
The first term forces g, — 0. Substitution of the leading estimate back into the logarithmic
term gives equation (20). O

Warning 7.3 (What theorem 7.2 does not prove). The relation equation (19) freezes a
numerical sequence modeled on the universal perturbative coefficients [13-16]. It does not
prove that the nonperturbative lattice measures converge, that the resulting continuum theory
is asymptotically free, or that A, equals a dynamically generated mass scale. Those would be
separate theorems.

7.4 Frozen auxiliary fast-sector scaling

The completion-band regulator must be frozen before any spectral estimate is attempted. Fix
constants

O<og <1, Ky > 0,
and set )
_(1— i 9,,0n i Gn
K — kA N-1om) ckin — __InTn oM = —— 21
i = el T T N M T g, 21

The coeflicient 01;12 is the exact auxiliary-link Laplace coefficient inherited from £,,. The
coefficient o™X is the tangent coefficient of the normalized mixed-curvature potential after
the expansion £,(e*) = 1||X||2 + O(||X||*). The closure coefficient tends to zero as a bare
local coupling, while its coherent mean-mode Hessian is amplified by the product around the

N »-site auxiliary cycle.

Proposition 7.4 (Algebraic fast-scale window). For the diagonal and coupling sequences in
(15) and (19),

ckin = o 2A, (22)
: 160> 8A
1
f}/rgll,n = 2n = 2* ) (23)
T,n 9n
) K\
Vi o= 5 Nrn = =5 NZH. (24)
Consequently
kin lin lin
Crn — 9, Vrel,n — 9, YHn — o9,
whereas
tnKHn = K2 2mom) ), (25)

Thus the frozen sequence has a nonempty linear scaling window in which the auziliary tangent
stiffness diverges but the one-step bare closure coefficient vanishes.
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Proof. Insert a, = asn = 27"A Qrp = 272 AL N;, = 2", and S, = a, into equa-
tion (21). Since N;npa, = AJ 1,

160 8 8A,
20 92Nrnan gk’

The other identities are immediate. Finally g, — 0 by theorem 7.2, so all three positive fast
scales diverge. The limit (25) follows directly from the chosen exponent 0 < o < 1. O

Proof Audit 7.5 (What the algebraic window does not prove). The divergence in equa-
tions (23) and (24) is a tangent-space statement. It does not prove a nonlinear spectral band,
uniform control of gauge charts, absence of remote wells, smallness of induced four-dimensional
operators, or route independence. Those obligations are isolated in theorems 15.4, 16.4, 19.4
and 19.5.

7.5 Spatial boundary and flux sectors

Let 72 denote the spatial three-torus. Since G is connected and 72(G) = 0, obstruction theory
on the three-dimensional CW complex T gives the magnetic bundle labels [17, 44]

m e H*(T3;T). (26)

For each m, choose once and for all a lattice transition cocycle representing the corresponding
principal G-bundle P,,. The finite collection of central boundary automorphisms preserving
that cocycle is denoted C,,. It is finite abelian. Its character labels

X € Cm 1= Hom(Cpp, U(1)) (27)

are the center/electric-flux sectors. For the untwisted bundle, Cy contains the familiar center
transformations around the three spatial cycles; when the global form of G has trivial center,
this factor can be trivial.

Proposition 7.6 (Complete topological and central boundary bookkeeping). At fized n, the
boundary data relevant here decompose into the disjoint magnetic labels m € H*(T3;T). In
each magnetic sector the unitary action of C,, decomposes the gauge-invariant slice Hilbert
space as

H%?#lge == @ Hn,m,x- (28)

X€ECm

Every local plaquette action and every heat-kernel transfer operator constructed below preserves
m and commutes with Cp,, hence reduces each summand.

Proof. For a connected group, BG is simply connected, mo(BG) = m1(G) =T, and m3(BG) =
m2(G) = 0. The three-stage Postnikov truncation of BG is therefore K(I',2). Maps from
the three-complex T3 to BG, equivalently isomorphism classes of principal G-bundles, are
classified by H?(T3;T'). Once a representative cocycle is fixed, central boundary automor-
phisms act unitarily on square-integrable gauge-invariant functions. The ordinary character
decomposition for the finite abelian group C,, gives equation (28). Plaquette holonomies
transform by conjugation and heat kernels are central, so both constructions commute with
these automorphisms and cannot change the fixed transition cocycle. O

Definition 7.7 (Frozen physical candidate sector). The main proof is carried out in the
untwisted, center-neutral spatial sector
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and later in the auxiliary-translation-neutral subspace of that sector. This choice is part of
the regulator definition. Failure of a required estimate in this vacuum sector already prevents
a theorem asserted for every allowed group and every physical sector.

7.6 Exact order of operations and limits

The frozen order is:

(1) Fix G, p, A, the cocycle representatives, and the sector (m, x) = (0, 1).

(2) At each fixed n, construct the compact slice theory, normalize its transfer operator, and
construct its two-sided infinite outer-time vacuum state. If a finite outer-time cylinder
is used as an approximation, its length tends to infinity at fixed n before any regulator
limit.

(3) Establish estimates uniform in n in physical units.

(4) Only after step (3), take the single diagonal limit n — oo, which simultaneously sends
Qp, Gty Qrp — 0, Lypa, — 00, Ny, — 00, and Ny par, — 0.

The hard-window version of step (3) fails in theorem 1.1. The completion-band redesign
replaces that failed estimate, but its nonlinear, RG, and continuum estimates remain program
requirements; consequently step (4) is not performed in this manuscript.

8 Finite-regulator heat-kernel transfer theory

8.1 Slice lattice, variables, and gauge action

For fixed n, let
Y, = (Z/L,2)°,  C, =7/N;nZ.

A vertex of one outer-time slice is (x,7) € X,, x C},. There are spatial links
Ui(xz,7) € G, 1=1,2,3,

and auxiliary links
Viz,7) €G.

The untwisted slice configuration space is the compact product
X, = GPLaNrn ¢ QLN (29)
with normalized product Haar measure u,,. The slice gauge group
G, = GLiNT,n
acts by

U (x,7) = glz, ") Ui(x, 7)g(x +1,7) "}, (30)
VI(x, 1) = g(x,7)V(x,7)g(x, 7+ 1)1 (31)

Indices are periodic.
The spatial and mixed plaquettes are

Wij(z,7) == Us(z, 7)Uj(z + 3, 7)Ui(x + 5, 7) " U; (2, 7)1, (32)
Wir(z,7) := V(z,")Ui(z, 7 + DV (z + 74, 7) " Uiz, 7). (33)

Both transform by conjugation at (z, 7).
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8.2 The frozen kinetic and potential coefficients

Let Ay denote the nonnegative Laplace—Beltrami operator on the copy of G attached to link ¢,
for the bi-invariant metric induced by (-, ). Define on C*°(X,,)

2
g g Gnp
L,=—""— Ay (g + = A 7) 34

The within-slice potential is

Va(U.V) = *NZ > W)

gnan T 2T 1<i<j<3

e 3 4 (35)

gn T7’L T7n x,Ty0

The mixed-energy function and multiplication operator are

(U, V) = Z ,( (36)
(an)(U7 V) = Ji/n(Uv V)f(U) V) (37)

Thus the mixed part of V,, is g, 2.#;. All coefficients are now fixed functions of n; no adjustable
anisotropy remains.

Proposition 8.1 (Basic operator properties). The operator L,, is essentially self-adjoint and
nonnegative on C*°(X,,), has compact resolvent, and commutes with the gauge action, spatial
translations, cubic rotations, and cyclic auziliary translations. The functions V,, and
are continuous, bounded, nonnegative, gauge invariant, and invariant under the same lattice
symmetries. Consequently K, is bounded, nonnegative, and self-adjoint.

Proof. The sum in equation (34) is a strictly elliptic Laplace-type operator on the compact
product manifold X,,. Standard elliptic theory gives essential self-adjointness on smooth
functions, nonnegativity, and compact resolvent. Bi-invariance of each link metric makes the
Laplacian commute with left and right translations, hence with the gauge action. Translation-
invariance of the coefficients gives the lattice symmetries. The remaining claims follow from
theorem 7.1, compactness of X, and conjugation covariance of plaquette holonomies. O

8.3 Gauge-invariant Hilbert space and heat kernel

Set
HZH = LQ(Xna Nn)-

The gauge-invariant projection and slice Hilbert space are
Wgn)X) = | flg™"X)dg,  Hy =Ranllg,,. (38)
The heat semigroup on the unreduced space is
Pall — oxp(—az . Ln).
Since £,, commutes with Ilg ,, define

P, = pal (39)

Q-
Hy
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For a spatial link set
2

Ss;n = Gt n97n7
’ 7 2anNT,n
and for an auxiliary link set
St Qt.n gnan
2a 2 wNrn

Let hs be the central heat kernel on G for exp(—sA). If E,, denotes all spatial and auxiliary
links in the slice and s/, is the appropriate one of these two times, the unreduced kernel is

po(X,Y) = [] P, (XeY, ). (40)
leE,

Proposition 8.2 (Gauge-averaged temporal-link kernel). The restriction P, has the separately
gauge-invariant smooth kernel

Py (X,Y) I 7o (Xeawn Y oy H dgy- (41)
9n pcE,

The integration variables g, can be read as outer-time links between two adjacent slices, and
every factor is the heat-kernel weight of the corresponding outer-time plaquette. The kernel is
strictly positive.

Proof. The product formula equation (40) follows from commutativity of the link Laplacians.
Gauge averaging in the second variable gives

K; po(X,g-Y) dg.

For a link s(¢) — t(¢),
(9-Y)e = gs(e)Yegil}),
which gives equation (41). Each compact-group heat kernel is smooth and strictly positive

for positive time, and averaging preserves strict positivity. Centrality gives separate gauge
invariance and the plaquette interpretation. O

8.4 Transfer operator, vacuum, and Hamiltonian

Let
M, = exp(_at,nvn/z) (42)

act by multiplication. Since V), is bounded, M,, and M, I are bounded. Define

700
T = M,P,M,, T,= — (43)
1757

Theorem 8.3 (Finite-regulator transfer operator). On H!, the operator Ty, is self-adjoint,
positive as an operator, positivity preserving, injective, trace class, and a contraction. It is
positivity improving on the cone of nonnegative gauge-invariant functions. Its spectral radius is
the simple eigenvalue 1, with a unique normalized eigenfunction €, that is smooth and strictly
positive at every point of X,.
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Proof. Self-adjointness and operator positivity follow from
(£, T f) = (Mo f,Pp My f) > 0.

The heat semigroup is trace class on the compact product and restriction to a reducing subspace
preserves that property; multiplication by bounded operators preserves trace class. If 7T T(LO) f=0,
then the displayed quadratic form is zero. Spectral calculus for £, gives Ker P,, = {0} and
(h,Pph) > 0 for every h # 0, so M, f = 0, and invertibility of M, yields f = 0. The kernel
from theorem 8.2, multiplied by the two strictly positive potential factors, is strictly positive.
Therefore a nonzero nonnegative function is mapped to a pointwise positive function. The
Jentzsch—Perron theorem for compact positivity-improving integral operators gives a simple
strictly positive top eigenvector; this is the transfer-matrix mechanism used in rigorous lattice
gauge theory [20, 21]. Division by the norm makes its eigenvalue one. Smoothness follows
from heat-kernel smoothing, and strict positivity is pointwise. Compactness of X, also gives
min €, > 0. ]

Definition 8.4 (Physical Hamiltonian and domains). Let E,(-) be the spectral measure of
T,. Define
H, = —a;l log T, (44)

n

with
Dom(H,) = {f € Hsl /
(0,1]

)

a; 2|logt|” d(f, En(t) f) < oo} : (45)

Its closed quadratic form ¢, has domain

Dom(gn) = {f : /(01

)

]a;ﬁr logt| d(f, En(t)f) < oo} : (46)

Proposition 8.5 (Self-adjointness and fixed-regulator gap). The operator H, is densely
defined, nonnegative, and self-adjoint; H, ), = 0. At each fixed n there is a number A, > 0
such that

H, > A, onQl. (47)

No lower bound on inf,, A, follows from this proposition.

Proof. Injectivity of T, means its spectral projection at zero vanishes. The measurable
functional calculus therefore defines —log 7T}, on the dense domain equation (45); it is self-
adjoint and nonnegative because 0 < T;, < I. Since 71,2, = (), the vacuum has energy zero.
Compactness and simplicity of the top eigenvalue imply that the remainder of Spec(7},) lies
in [0, 7,] for some 7, < 1. Thus A, = —ay, ,1 log r, > 0. The argument contains no estimate
uniform in n. O

8.5 Physical normalization on the zero-mixed stratum

Suppose V(z,7) = I and U;(x,7) = U;(x) are independent of 7. Then all mixed plaquettes

are the identity and
1
ValUD) = =3 > 6(Wij(@)). (48)

Inn =355

Thus the declared 1/N;, normalization makes the surviving spatial magnetic term exactly
the standard Kogut—Susskind normalization associated with £,, rather than N, copies of it
[12]. This identity is a finite-lattice normalization statement only.
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9 Vacuum process, auxiliary neutrality, and common-space
mixed energy
9.1 Ground-state transform
Define the vacuum probability measure
dvp(X) = 2 (X)? dpan(X) (49)

and the unitary

Uﬂ,n : LQ(Xm Vn)gn — 7_[75117 UQ,nf = an

The transformed transfer operator

T = U TulUan (50)
has kernel relative to v,
tn(X,Y)
th(X,Y) = , 1
XY =, ()0 o1

where t,, is the integral kernel of T,,.

Proposition 9.1 (Reversible Markov operator). The operator T, is self-adjoint, positivity
improving, and satisfies
T,1=1.

Equivalently, t,, is a strictly positive symmetric Markov kernel relative to v,.

Proof. Unitarity transfers self-adjointness and positivity. The eigenvalue equation 7,2, = 2,
gives T,,1 = 1. Substitution into the integral formula gives

/fn(X,Y) duv, (V) = 1.
Symmetry follows from symmetry of ¢, and strict positivity follows from theorem 8.3. O

Let P}?¢ be the unique two-sided stationary Markov measure on XnZ with one-time law v,
and transition operator T;,. Its existence follows from the Kolmogorov extension theorem.

Theorem 9.2 (Finite-regulator reflection positivity and OS reconstruction). Let 6 reflect
outer time, (0X)r = X_g, and put OF = F o 0. If F is a bounded cylinder function depending
only on times 0,1,...,r, then

/ (OF)F dPYc — / IEX[F | Xo][? duy > 0. (52)

In the sense of the Osterwalder—Schrader reconstruction [18, 19], the resulting OS Hilbert space
is naturally unitarily equivalent to L?(vy,)9", hence through Uq., to Hs'. One-step OS time
translation is T,,, and its physical generator is unitarily equivalent to H,.

Proof. Conditioned on Xy, the past and future of a two-sided Markov chain are independent.
Reversibility identifies the conditional law of the reflected past with that of the future. Therefore
the conditional expectation of (OF)F given Xy is the modulus square in equation (52).
Quotienting positive-time cylinders by the null space of this form identifies a cylinder with its
conditional expectation given Xy. Every bounded gauge-invariant function of Xy occurs, and
these functions are dense in L?(1,)9, proving the Hilbert-space identification. The Markov
property identifies one-step translation with T,,; equations (44) and (50) then identify its
generator. O
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Remark 9.3 (Periodic loops are not the vacuum). A finite periodic outer-time loop with
weight Tr(TM.) is a trace state. It is not the pure vacuum state at finite M. Since the top
eigenvalue of T}, is simple, normalized periodic expectations converge to vacuum expectations
as M — oo at fixed n. The infinite two-sided process above constructs the vacuum directly
and avoids conflating these states.

9.2 Auxiliary translation and the neutral candidate sector

Let R, shift every link variable by one unit in the auxiliary coordinate. It is unitary and

[RT,’VM‘C’VL] = [RT,na Vn] = [RT,naTn] = [RT,’mKn] =0. (53)
Define
1 Nrn—1
_ j _ sl
PO,n - N7-7n ]ZO Rg—,nn Nn — PO,an- (54)

Proposition 9.4 (Neutral reducing sector). The space N,, reduces Ty, Hy,, and K,,. Moreover
Q, €N,

Proof. The commutators in equation (53) imply reduction. Since R, £}, is another strictly
positive normalized eigenvector of T;, at eigenvalue one, simplicity from theorem 8.3 gives
R; Q= Q. O

The label “physical candidate” is intentionally provisional. Auxiliary-translation neutrality
does not imply independence of auxiliary holonomy or of relative auxiliary configurations.
Proving that all such observables disappear in a continuum limit is the separate auxiliary-
invisibility target, which is not reached here.

9.3 The multiplication spectral window
On N, define for e > 0

Ps,n = 1[0,5](Kn)‘Nn7 Qa,n =1- Pe,n- (55)

Because K, is multiplication by .7, P., is multiplication by the indicator of the gauge-
invariant set

Acpn ={X € X, : A (X) < e}

The projection need not preserve -, because K,), is generally not proportional to €2,,. This
is the reason for using the vacuum-corrected gap operator in section 12.

10 Holonomy stratification, zero sets, and finite-block diagnos-
tics
10.1 Mixed plaquettes as covariant differences

For a spatial link (z,i) at auxiliary step 7, define

1

VU2, 7) = —— [p(V (@, 7)Uilw, 7 + 1)) = p(Us(e, 1)V (2 +7,7))] . (56)

arn
Lemma 10.1 (Exact square identity). For every mized plaquette,
a2
p(Wir(, 7)) = S22 VUi, ) s (57)
P
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Proof. Put A = p(V(z,7)Ui(z, 7 + 1)) and B = p(U;(z,7)V (x +1,7)). Both are unitary, so
|A - Bl4s = 2d, — 2Re Tr(A*B).

By cyclicity of the trace, Re Tr(A*B) = Re Tr(p(W;;})) = Re Tr(p(Wiy)). Apply equation (14)
and divide by a%n. O

This pointwise identity does not identify the spectrum of the finite-dimensional difference
with the spectrum of the multiplication operator K, or the Hamiltonian H,,.
10.2 Auxiliary axial gauge and holonomy strata

At each spatial site define the auxiliary holonomy
H, =V(z,0)V(z,1)---V(x,Npp — 1). (58)
Lemma 10.2 (Auxiliary axial gauge). Every configuration is gauge equivalent to one satisfying
V(z,7)=e (0<7<N;p—1), V(z,Nyp —1) = H,. (59)
Residual gauge transformations are independent of T and act by

Ui(z,7) = hoUi(z,7)h™ " Hy > hyHyh,'.

T+

Proof. Set g(x,0) = e and recursively
g, 7+ 1) =g(z,7)V(z,7) (0<7<N;p,—1).

Substitution into equation (31) sets the first N, — 1 auxiliary links to the identity and leaves
their ordered product on the closing link. A transformation preserving this gauge must have
h(z,7 4+ 1) = h(x,T), hence is independent of . O

Theorem 10.3 (Holonomy stratification of the zero-mixed set). In auziliary azial gauge, the
conditions
Wir(z,7) =€ for every x,i, T (60)

are equivalent to the existence of spatial links U;(x), independent of T, and holonomies H,
satisfying

z+i’

(61)

Modulo residual gauge transformations, the zero set is stratified by the simultaneous conjugacy
orbits of the holonomy field {H,} subject to equation (61). The stratum H, = e for all
1s exactly the ordinary three-dimensional spatial lattice-gauge configuration quotient at one
outer-time slice.

Proof. For 0 <7 < N, , — 1, equations (33) and (59) reduce the condition W;, = e to
Ui(z, 7+ 1) = Ui(z, 7).
Thus U; is independent of 7. The closing mixed plaquette is
, —1 77 (.31
HxU@(:U)HH?Ul(a:) ,

so it equals the identity exactly when equation (61) holds. Reversing these steps proves the
converse. The residual action is given in theorem 10.2. If every H, = e, only the T-independent
spatial links and ordinary spatial gauge transformations remain. O
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Corollary 10.4 (Ordinary Yang—Mills stratum). On the trivial-holonomy part of the zero-
mized set, J#, = 0 and the potential reduces to equation (48). Hence every positive low
window contains neighborhoods of configurations whose auxiliary reduction is ordinary lattice
Yang—Mills. The auxiliary term cannot supply a strictly positive pointwise mass floor on that
stratum.

Proof. The mixed plaquettes are the identity, so every term in equation (36) vanishes. The
physical potential identity was proved in equation (48). Continuity places neighborhoods of
the zero set in every positive-width low window. O

10.3 Holonomy-twisted fiber spectrum

Fix a spatial link e = (x,i) and define the unitary map on End(C%)

H(B) = p(Hy)Bp(H_ )" (62)

For a sequence A = (Ay,...,An_1), N = N, , define
(DT,JQA)T = a;nlz(Ar-‘rl - Ar)7 0<r<N-1, (63)
(Dror A)N—1 = a7 (HA) — An-1). (64)

Theorem 10.5 (Exact holonomy-twisted spectrum). Let €%, —7 < 0; < 7, be the eigenvalues
of 7, counted with multiplicity. Then

Spec(Dﬂ%éDﬂ%):{a%nsm ( 5 ):0§k<N, ]}. (65)

The kernel consists of constant sequences A, = Ag satisfying 7. Ay = Ayp.

Proof. Choose an orthonormal eigenbasis b; for the unitary 7. The vectors

satisfy the twisted closing condition and diagonalize D, . The multiplier is

1 i(2mk + 9]-)> )
I SalEATL N VAR
7 (eXp< N ’

whose squared modulus is equation (65). It vanishes exactly for k = 0, §; = 0, giving the
stated kernel. ]

Corollary 10.6 (No compactification shortcut). After removal of the exact kernel, no positive
lower bound follows from compactness of the auziliary cycle alone. Holonomy eigenphases
6; — 0 produce positive eigenvalues in equation (65) tending to zero.

Proof. Take k = 0 and nonzero 6; — 0. The corresponding eigenvalue is asymptotic to
02/(N2a2,,). O
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10.4 Local zero spaces versus quantum ground spaces

A finite-block detectability argument normally begins with nonzero local ground-space projec-
tions. The continuous-group multiplication terms used here do not have such eigenspaces.

Proposition 10.7 (Classical local zeros have no nonzero L? ground vector). Let p be any
plaquette in a finite block containing at least one unconstrained link variable, and let

Vo = My, (w,)
act on the corresponding product-Haar L? space or its gauge-invariant subspace. Then
KerV, = {0}, inf Spec(V},) = 0. (66)

The same conclusion holds for a finite nonempty sum of nonnegative plaquette multiplication
terms.

Proof. Fix all plaquette links except one. As that link ranges over GG, the plaquette holonomy
ranges over G by a left-right translate. The condition W), = e therefore fixes that link to a
single group element. Since G has positive dimension, a singleton has Haar measure zero.
Fubini’s theorem shows that the full zero set {W, = e} has product-Haar measure zero. By
theorem 7.1, a function in Ker V,, must be supported on this null set, so it is zero in L?. On the
other hand, every neighborhood of an identity configuration has positive measure and contains
values of £,(W),,) arbitrarily close to zero; hence zero belongs to the essential range and is the
spectral infimum. A sum can vanish only on the zero set of each term and in particular on the
null set of one chosen term, so its kernel is also zero and its infimum is zero by neighborhoods
of a flat configuration. O

Proof Audit 10.8 (Finite-block consequence). The classical flat configurations in theorem 10.3
can be classified, but they do not furnish nonzero local quantum ground spaces for the
multiplication operators. Finite-size and detectability methods [32-35] would first require an
additional, rigorously controlled replacement such as spectral flattening, finite representation
truncation, or a different local Hamiltonian decomposition. None of those replacements is
part of the frozen regulator, and none may be inserted without a comparison theorem. In any
event, no finite-block theorem can repair the algebraic failure in theorem 1.1, which occurs on
the exact global vacuum line.

10.5 Both low and high windows contain vacuum weight

Lemma 10.9 (Growth and nonconstancy of the mixed energy). For every n, J, is continuous,
gauge invariant, and nonconstant, with minimum zero. Moreover

[Fall 2 20,270, (g,) (67
for any fized g. € G\ {e} and a suitable configuration. In particular || K| — oo.

Proof. The all-identity configuration has %, = 0. Set every auxiliary link to the identity and
every spatial link to the identity except one link U;(xo,79) = g«. The two mixed plaquettes
adjacent to that link in the auxiliary direction have holonomies conjugate to g, and g !; all
terms are nonnegative. Since £,(g; 1) = £,(gx),

a

oy > 22—l (g5) = 20,220, (g5).
" a’?’,nNTzn p( ) p( )
Continuity and gauge invariance were established in theorem 8.1. ]
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Theorem 10.10 (Vacuum overlap with every genuine multiplication split). Fiz e > 0. For
every sufficiently large n, let
P=PF,, Q=1—-P

on N,,. Then
PO, A0, Q0 £0. (63)

More generally, equation (68) holds at any fized n for which 0 < e < || Ky

Proof. The set {#, < €} contains an open neighborhood of the identity configuration and
therefore has positive product-Haar measure. If ¢ < || K,||, the set { %, > ¢} is also a nonempty
open set and has positive measure. The continuous vacuum (2, is strictly positive everywhere
by theorem 8.3; hence its squared norm integrated over either set is strictly positive. Since
My, and Q,, are auxiliary-translation invariant, both projected vectors lie in N,,. The final
assertion for all sufficiently large n follows from equation (67). O

11 Inner-time coherence, flow interruption, and projection-
generated inertia

The symmetry-breaking drafts propose that matter and inertia arise when generative temporal
coherence is interrupted or must be retuned. The lattice model supplies an exact gauge-
invariant quantity with that interpretation, without adding a new scalar field or breaking the
Yang-Mills gauge symmetry [7, 8].

11.1 The covariant interruption defect

Definition 11.1 (Inner-time flow-interruption defect). For a slice configuration X = (U, V),
define

Jrn(X) = Hp(X) = a2 Nm PR (69)

$T7,

Equivalently, by the exact mixed-plaquette identity,

fj H COV
(X)) =5 NT >

])’TZ

H2 (70)

s’

A configuration is covariantly uninterrupted when J;, = 0, and interrupted when J;, > 0.

Proposition 11.2 (Symmetry and zero set of the interruption defect). The scalar 3, is
nonnegative and invariant under the slice gauge group, cyclic inner-time translation, spatial
translations, and cubic rotations. Moreover,

Jn(X)=0 <= Wi (z,7)=e foreveryz,i,rt. (71)

In inner-time axial gauge this is equivalent to covariant constancy of every spatial link history
around the inner cycle, with the closing relation determined by the auziliary holonomy.

Proof. Invariance and nonnegativity follow from theorem 8.1. Every summand in (69) is
nonnegative, and £,(g) = 0 exactly at the identity by theorem 7.1; hence the sum vanishes
exactly under (71). The axial-gauge statement is theorem 10.3 restricted to the spatial/inner-
time plaquettes. O
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The amplitude
O, (X) =1/Trn(X)

may be regarded as a gauge-invariant interruption order parameter. It is the lattice analogue
of a norm of a covariant temporal phase gradient. No potential V(®, ;) is introduced: the
exact plaquette action already determines its weight.

11.2 Interruption is not breaking of the gauge symmetry
The frozen transfer theory satisfies
[Rr,na Tn] = [RT,n7 Kn] = 0.

Thus the action and transfer operator retain the compact inner-time symmetry. A configuration
with J-, > 0 is not an explicit breaking of that global symmetry; it is a local failure of covariant
phase matching, comparable to a defect or an excitation in a symmetric theory. Likewise, the
local gauge group is a redundancy removed by the physical projection and is never asserted to
break. The term inner-flow interruption is reserved for two precise phenomenas:

(I1) a nonzero covariant defect D% A, measured by Jr ,;

(I2) a phase slip or nontrivial holonomy obstructing a globally coherent inner history.
Observation filtering by Fy, and selection of a future outer-time orientation are distinct
representation-selection operations. They do not contribute to the local interruption energy
and are not included in the term “interruption.”

Warning 11.3 (No bare interruption gap). A nonzero interruption defect is not yet a physical
mass. Near-trivial holonomy gives arbitrarily small positive fiber eigenvalues, while the exact
zero-interruption, trivial-holonomy stratum contains ordinary lattice Yang—Mills configurations.
Therefore neither ®,, > 0 nor the first inner Fourier frequency yields a regulator-uniform
Yang-Mills mass gap.

11.3 Projected inertia as residual symmetry-restoration cost

Near a coherent background, separate local variations into visible outer-record variables x and
hidden inner-completion variables y. If the quadratic Hessian has block form

K,. K
K= e Ky, >0,
<Kyw Kyy) o

then stationary relaxation of y leaves the visible response
Kvis = Bgx — nyKy_leyxv

as proved abstractly in theorem D.1. This quantity is the curvature of the effective phase
after hidden inner-time channels have attempted to restore coherence. It is the controlled
mathematical content of the claim that inertia is resistance to retuning or interruption of the
inner-time flow.

The gauge-theory analogue is obtained after replacing the quadratic Hessian by the vacuum-
compatible gap operator and allowing the high-interruption sector to relax. Define the
punctured response operator

M. n(0) := P2 F57(0) P2, (72)

g,ntemn

The notation 9% records a candidate mass stiffness; it is not declared to be a mass until a
regulator-uniform lower bound and a Yang-Mills continuum identification have been proved.
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Proposition 11.4 (Interruption-response criterion for a finite-regulator gap). Assume

QGm(sQ > 0. If
M. n(6) > enP,  (cn>0), (73)

then the only zero vector of the full Feshbach operator in the low window is the transported
vacuum line. If the corresponding high block is positive, H, > 6 on N,, © CQ,,. A physical
mass gap follows along a regulator family only if ¢, has the required a -scaled uniform lower
bound and the continuum /identification theorems hold.

Proof. By theorem 12.3, the Feshbach operator annihilates the transported vacuum vector
and reduces its orthogonal complement. Bound (73) makes the punctured low block strictly
positive. Positivity of the high block and the Schur—Feshbach criterion then give Gy, 5 > 0;
theorem 12.1 converts this to the stated Hamiltonian bound. The final sentence records the
physical scaling and continuum requirements. O

Remark 11.5 (The exact mass—geometry bridge). Within this manuscript, the phrase “mass
from interrupted inner time” has one precise content:

inner-flow defect — hidden-mode relaxation

4

positive punctured Schur—Feshbach response — outer-time spectral gap.

The first two arrows are exact constructions. The response becomes a theorem only after
the uniform estimate in theorem 12.11; the final gap requires the continuum and Yang—Mills
identification package. This formulation connects mass, temporal coherence, and spacetime
readout without replacing an estimate by an interpretation.

12 Vacuum-compatible Feshbach reduction

Fix n and work on N,,. Let
Pon = [Qn) (] (74)

For § > 0, put
Tns = e~ @m0 (75)

and define the required vacuum-compatible operator
Gmg = Tn’(;f — T, + (1 - Tn’é')PQ’n. (76)

Proposition 12.1 (Exact transfer formulation of a gap). The operator G,, 5 is bounded and
self-adjoint,
Gn,6Qn =0, Gn,§|Q# = Tn,él —T.

Consequently
Gns >0 <= H, >0l onN, cCQ,. (77)

Proof. The vacuum identity follows from 7,2, = €,. Self-adjointness of T;, makes CS,, ® Q#
reducing, and the rank-one correction vanishes on the second summand. On a spectral value
t € (0,1] of T),, the corresponding energy is —ay, le logt. Since the exponential is decreasing,
t < e~%n9 ig equivalent to energy at least 6. O
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Fix ¢ > 0 and abbreviate
P:Pa,na Q:I*Pa G:Gn,dy r="Tns-

Whenever
D:=QGQ>dQ  (d>0), (78)

define the vacuum-compatible Feshbach operator
FY%(6) = PGP — PGQD'QGP on PN, (79)
Theorem 12.2 (Bounded Schur-Feshbach criterion). Under equation (78),
G>0 <= F5(5)=>0. (80)

Together with theorem 12.1, either condition is equivalent to a gap at least § for H, on the
neutral vacuum-orthogonal sector.

Proof. Relative to N, = PN,, ® QN,,, write

A C
e (2 9)

For # € PN,, and y € QN,,, direct completion of the square gives
(z+y,G@+y)) = (z,(A— CD"LC*)z)
+ (y+ D 'C*z, D(y + D~1C*z)). (81)

The first operator is equation (79); the second term is nonnegative and can be made zero for
each z. This proves the equivalence. O

12.1 The transported vacuum line

Set
w=PQ, (=QQ, p=Iwl®> g=KP=1-p (82)

Proposition 12.3 (Vacuum transport through the high block). Under equation (78), w # 0
and

¢ =-D'QGuw. (83)
Moreover
F;%C(é)w =0. (84)
If
|w) {w| o
wn — y Pgn:P_Pw,na (85)
[Jwl|? ’

then P?, reduces the self-adjoint Feshbach operator.

Proof. If w = 0, then Q,, = ( € QN,, and DQ,, = QG,, = 0, contradicting equation (78).
The @Q-component of G(w + () = GQ,, = 0 gives equation (83). The P-component gives

PGPw + PGQC = 0.

Substitution of equation (83) is exactly equation (84). Since the Feshbach operator is self-
adjoint, a vector in its kernel has zero matrix element with its orthogonal complement; hence
Cw and P?, N, reduce it. O
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12.2 The exact obstruction

We now prove theorem 1.1 and apply it to the frozen regulator.

Proof of theorem 1.1. Write a = 1—7 >0, p = ||w||?> > 0, and ( = QQ # 0. The Q-component
of G2 =01is
QGuw + D¢ = 0. (86)

On the other hand,
QGw = —QTw + aQ|Q) (Qw = —QTw + apC.
Combining this identity with equation (86) gives
QTw = (D + apl)(. (87)
The Schur complement annihilates w by the same calculation as in theorem 12.3. Therefore
(w, PGPw) = (QGw, D™'QGw) = (¢, D¢) > 0. (88)
Using equation (87),
(w, PTQD'QTPw) = (D + apI)¢, D™D + apI)¢)
= (¢, D) + 20p|C|I* + a®p*(¢, DC). (89)

Both additional terms are strictly positive because o > 0, p > 0, ( # 0, and D~ > 0.
Comparing equation (89) with equation (88) proves equation (1). The quadratic-form inequality
equation (2) evaluated on w would give a contradiction for every n < 1. O

Corollary 12.4 (Failure of requested item (R3) in the frozen family). Fiz g > 0, § > 0,
and any sufficiently large n. Let P = Py, , and Q = I — P. If the high block D = QG sQ is
strictly positive, then no constant n < 1 satisfies

PT,QD~'QT,P < nPG, P (90)
on PN,,.

Proof. By theorem 10.10, both P, and Qf2, are nonzero for all sufficiently large n. Apply
theorem 1.1. O

Remark 12.5 (Exceptional choices are not the requested split). If g9 > || K,||, then Q@ =0
and there is no high block to invert; the proposed reduction collapses to the full global gap
problem. If ¢y = 0, the low multiplication projection is zero because the exact zero set has
Haar measure zero by theorem 10.7. The request specifies €9 > 0 independent of the regulator,
and || K| — oo, so neither exceptional case avoids theorem 12.4 along the frozen family.

Proposition 12.6 (A necessary vacuum-tail condition for direct high contraction). Let
T=T*>0,TQ=Q, and P+Q=1. If

QTR <pQ  (0<p<1), (91)
then, with p = | P2,
L—p
> —. 2
Pzo—, (92)

31



Proof. Let w = PQ and ¢ = Q). From T = Q,
(w0, TC) = p — (w, Tw).
Expanding 1 = (2, 7Q) and using self-adjointness gives
(¢.TQ =1-2p+ (w,Tw) > 1 —2p,
because 1" > 0. The assumed high contraction gives
1—2p < pl|¢]1* = p(1 — p)-
Rearrangement yields equation (92). O

For p = e™ %@ equation (92) requires the low window to contain at least a definite
O(ay,n) portion of the vacuum norm. This is a necessary condition only; it does not prove the
high estimate.

12.3 The corrected punctured implication

The obstruction comes solely from applying the T-mixing inequality to the transported vacuum
line. On the punctured low space the rank-one correction disappears.

Lemma 12.7 (Equality of the punctured 7- and G-mixing forms). Let P° = P?,,. Then
QGP° = —QT,P°,  P°GQ = —P°T,0, (93)

and
P°GP° =rP° — P°T,, P°. (94)

Proof. For x € Ran P°,
(Q,z) = (PQp,z) = (w,z) = 0.

Thus Pg 2 = 0. Since Qx = 0, the rI term has no off-diagonal block, proving equation (93).
Compression to P° gives equation (94). O

Proposition 12.8 (Corrected conditional two-window theorem). Assume constants mo > § >
0, mg > 49, and 0 <n <1 satisfy, at a fived regulator,

P°T,, P° < e~ @m0 p°, (95)
QT,Q < e nMeQ, (96)
P°PT,Q[QGQ]'QT, PP° < nP°GP". (97)
Then QGQ is invertible and
FYe(8) > (1= 1) (e70n® — e=n™0) (P — P,,p,). (98)

If the same constants hold for a family with 0 < a;, < ai*®*, then
FY5(0) > cagn(P — Pon), (99)
where the explicit requlator-independent constant is

max

c=(1—-n)(mg—20)e % ™0 >0. (100)
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Proof. By equation (96) and positivity of the rank-one vacuum correction,

QGQ =1Q — QT,Q + (1 — 7)[()(¢]

> (e*“’f*”‘S - e*“tv"mQ) Q > 0.
Thus the inverse in equation (97) exists. By theorem 12.7, the Feshbach compression is

P°FP° = P°GP° — P°PT,Q(QGQ)'QT, PP°
> (1 —n)P°GP°.

The low contraction and equation (94) give
P°GP° > (e—at,n5 _ e_atmmo) pe.

The Feshbach operator annihilates w and has no cross term with P° by theorem 12.3, proving
equation (98). Finally,

5 "o
e_at,n _ e_at,nm() — at,n/ e_at,ns ds
1)

max

> agp(mo —0)e” % MO,

which gives equations (99) and (100). O

12.4 Symmetry covariance of the punctured Feshbach map

Proposition 12.9 (Symmetry covariance). Let U, : S, — U(N,,) fix Q,, and commute with
T, and K,,. Then U, commutes with

PE,n; QE,nv Gn,é’ Pw,n: Peo,nv Fe\iic((s)v ma,n((s)'

Consequently every invariant finite-rank dangerous cluster of M. ,(0) admits the real-, complea-,
and quaternionic-type block decomposition of theorem 4.1.

Proof. Commutation with F;, and ()., follows from the functional calculus of K,. The
vacuum projection commutes because the vacuum is fixed. Hence G, s and its compressed
high block commute, as does the inverse on its range. The Feshbach expression is therefore
equivariant. Since P, is fixed, so are P, , and the punctured projection. Apply theorem 4.1
to any finite-rank invariant cluster. O

Program Requirement 12.10 (Symmetry-block interruption rigidity). Choose a regulator-
stable Sp-invariant dangerous cluster in the punctured low window. In the decomposition

HnPEOO,nNnR = @ Va’ ®]D)U Ma’,na
o

prove, with constants independent of n, that every nonvacuum multiplicity operator obeys
Mon(6) > cagnln,,,, c> 0,

and that the only trivial-isotypic zero mode is the transported vacuum. The estimate must
include all center/flux sectors and control the complement of the cluster.

This target is the symmetry-resolved version of the mass-from-interruption claim. The
compact symmetry does not produce the constant c¢; it reduces the proof to multiplicity spaces
on which the nonabelian dynamics must be estimated.
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Program Requirement 12.11 (Regulator-uniform punctured estimates). Fix g, mg, mq, 9,7
with mg, mg > ¢ > 0 and n < 1. Prove equations (95) to (97) for every sufficiently large n,
with P = P, .

Proof Audit 12.12 (Status of the repaired target). No proof of theorem 12.11 is supplied by
the finite-regulator construction, the holonomy spectrum, the classical zero-set classification,
the DTT dimension module, or the response-Schur analogy. By theorem 10.4, the low window
contains neighborhoods of the ordinary lattice Yang—Mills stratum. Proving equation (95)
there is a genuine nonabelian infrared estimate, not an auxiliary Fourier estimate. The target
therefore remains unproved.

Part 11
Completion-band redesign

13 From the hard-window obstruction to a spectral-band reg-
ulator

The hard multiplication window of section 12 is useful diagnostically: it identifies configurations
with small mixed interruption energy and reveals the transported-vacuum obstruction. It is
not a satisfactory local quantum decomposition. Two facts force a redesign.

First, theorems 1.1 and 12.4 show that the unpunctured relative-mixing estimate is alge-
braically impossible whenever a nonconstant multiplication window splits the positive vacuum.
Second, theorem 10.7 shows that a nonnegative plaquette multiplication operator may have
spectral infimum zero but no nonzero L? ground vector. Thus a frustration-free local-projector
argument cannot begin from the exact zero set of the multiplication potential.

The replacement is to form a local Schrédinger operator in the auxiliary completion variables.
Its kinetic term turns a classical well into a genuine quantum band. A separate holonomy-
closure term removes continuous flat auxiliary moduli. The band projection, rather than the
hard multiplication projection, becomes the object patched and eliminated in the low-energy
proof.

13.1 Gauge-invariant holonomy closure

For a slice configuration, recall the auxiliary holonomy
H, =V(z,0)V(z,1)---V(x,Npp — 1).

Define
(V)= Y L, (H,). (101)

ern

Proposition 13.1 (Symmetry of the closure functional). The function 2, is continuous,
nonnegative, gauge invariant, and invariant under cyclic inner-time translation. It vanishes
exactly when H, = e for every spatial site.

Proof. Under a slice gauge transformation, H, + g(x,0)H,g(z,0)"!, so conjugation invariance
of £, gives gauge invariance. Changing the base point of the ordered product around the
auxiliary cycle conjugates the holonomy by the transported link, so cyclic translation also
preserves £,(H,). Nonnegativity, continuity, and the characterization of the zero set follow
from theorem 7.1. O
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Use the frozen sequence kg, of equation (21). Define the exact completion-band potential
VP = Vo + kpn . (102)
On the gauge-invariant Sobolev form domain
szl = Hl(Xna fin) O 7_[57,17

define
aSo[¥] = || L2 + (W, V). (103)

Let H%‘f’o be the Friedrichs operator associated with this form, let
E® =infSpecHYy,  HP =HP) - Eh I, TP = emaentlil, (104)
b ._ sl
Set H;P = H;,.

Proposition 13.2 (Exact finite-regulator completion Hamiltonian). For every fized regulator,
Hffo 1s self-adjoint, bounded below, and has compact resolvent. Its lowest eigenvalue is simple
and has a smooth strictly positive normalized eigenfunction QCP. The shifted Hamiltonian HEP
is nonnegative and self-adjoint, and

T = gmatnt®

is self-adjoint, positive, injective, trace class, positivity improving, and satisfies TSPQP = Q°P,
Its ground-state transform gives a reversible two-sided vacuum Markov process and a finite-
requlator OS reconstruction.

Proof. The first term in (103) is the closed elliptic Sobolev form HE}/ 2\IIH2, and the second is
a bounded real multiplication-form perturbation on the compact configuration manifold. The
representation theorem gives a self-adjoint semibounded operator with compact resolvent. The
Trotter product formula, or equivalently the Feynman—Kac formula for a bounded potential
on a compact manifold, shows that e_tH%t:O is positivity improving for every ¢ > 0. Jentzsch—
Perron theory therefore makes the ground eigenvalue simple with a smooth strictly positive
eigenfunction. Subtracting E(‘jf’n gives a nonnegative operator. Functional calculus gives
injectivity and trace class of its positive-time semigroup. The ground-state transform and
the proof of theorem 9.2 then produce the stationary reversible vacuum process and OS
representation. O

Define the completion-band vacuum probability measure and ground-state transform by
W = (P2 du,, U f=0Pf TP = (U) IS, (105)
Corollary 13.3 (Exact completion-band vacuum Markov representation). The map
UG+ L( X, vEP) 9 — P
is unitary. The operator fﬁb s a self-adjoint positivity-improving Markov contraction,
TP1 =1,

and its reversible two-sided stationary process reconstructs the same vacuum Hilbert space and
Hamiltonian HEP.
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Proof. Unitarity follows from dvS® = |Q|2 dy,. The eigenvalue equation TSPQS” = QP gives
the Markov identity, while unitary conjugacy preserves self-adjointness, positivity improvement,
and the spectrum. The stationary-process and Osterwalder—Schrader conclusion is the ground-
state-transform argument of theorem 9.2 with T,,, €2, replaced by Tf{b, Qcb, O

Proposition 13.4 (Strang kernels approximate the exact semigroup at fixed regulator). For
fixed n and t > 0,

__t ycb _t __t_pcb\M —¢Hck
(e 2mvn e ane 2mv’n ) ;) e tHn,O' (106)
m—0o0

Every approximant has a strictly positive gauge-averaged heat kernel. No requlator-uniform
rate in n is inferred from this fized-n product formula.

Proof. The potential is bounded and the kinetic form is closed. The symmetric Trotter—Kato
product formula gives strong convergence. Positivity of each factor and strict positivity of the
heat kernel give the kernel statement. O

Proof Audit 13.5 (Universality and slow—fast burdens of the exact regulator). The exact
Hamiltonian removes the earlier ambiguity between the logarithm of a one-step Strang operator
and a separately introduced local Schréodinger operator. It does not by itself identify the local
fiber Hamiltonians with components of the global form. That identification is the slow—fast
disintegration target theorem 14.6. Moreover, the closure potential is an auxiliary regulator
device, not part of the target four-dimensional Yang—Mills action. A complete proof must
show that it opens a diverging transverse band while all induced relevant and marginal four-
dimensional couplings are forbidden, renormalized into the ordinary Yang—Mills parameters,
or vanish. This is the compatibility problem in theorems 19.4, 19.5 and 31.1.

13.2 Design criteria for the new low-energy decomposition

The completion-band construction must satisfy five requirements.

(B1) Spectral reality: local low spaces are ranges of spectral projections of self-adjoint completion
Hamiltonians, not supports of measure-zero classical zero sets.

(B2) Gauge covariance: band projections commute with local gauge constraints and with the
exact compact regulator symmetries.

(B3) Transverse character: the band removes only relative auxiliary modes; the physical
T-constant gauge field remains as a base variable.

(B4) Uniformity: the transverse gap is bounded below in physical units uniformly in auxiliary
resolution and physical refinement.

(B5) Universality: eliminating the band produces pure four-dimensional Yang-Mills plus
controlled irrelevant gauge-invariant corrections.

These criteria define the specifically DTT portion of the program.

14 Local completion Hamiltonians

14.1 Orbit types and stratified gauge quotients

The local gauge action is not free on all configurations. Reducible configurations have nontrivial
stabilizers, and the quotient is generally a stratified space rather than a smooth manifold. The
slow—fast construction must therefore be formulated orbit type by orbit type.

Definition 14.1 (Orbit-type stratum). Let a compact Lie group K act smoothly on a manifold
X. For a closed subgroup H < K, let

Xy = {7 € X : K, is conjugate to H}.
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The image X )/ K is the orbit-type stratum of type (H).

Proposition 14.2 (Fixed-regulator orbit-type decomposition). For every fized finite block
B, regulator n, and boundary/flux sector o, the compact local configuration manifold has only
finitely many orbit types under the residual compact gauge group. Each orbit-type subset is a
smooth invariant submanifold, and its quotient is a smooth stratum. A neighborhood of each
orbit admits a compact-group slice model.

Proof. This is the compact transformation-group slice theorem and finiteness of orbit types
for a smooth action of a compact Lie group on a compact manifold; see [51]. Applied to the
residual local gauge action, it yields a finite orbit-type decomposition at each fixed regulator
and the corresponding local slice models. O

Program Requirement 14.3 (Uniform stratified slowfast atlas). Construct the slow—fast
atlas simultaneously on all orbit-type strata and prove constants uniform under refinement.
On overlaps, the conditional fast forms, Jacobians, band projections, and cross forms must
transform covariantly. Near lower-dimensional singular strata, prove either uniform extension of
the estimates or an energy /measure bound showing that the singular neighborhood contributes
a controlled error. No argument may assume that the full gauge quotient is globally smooth.

14.2 Blocks, base variables, and completion fibers

Let B C ¥, be a finite connected spatial block. Fix a boundary condition and a topological/-
center sector ¢. In a tubular neighborhood of the coherent stratum, choose an auxiliary axial
gauge and a local gauge slice. The remaining coordinates are separated into

weldy),  yeYV (),

where u records the T-constant physical links and y records relative inner-time deformations,
auxiliary links, and holonomy variables normal to the coherent set. The use of a local slice is
harmless at fixed block size; uniform control over overlapping slices is part of the nonlinear
band target.

Let pf'5, ,, be the induced smooth positive measure on the compact completion fiber and set
it () = L2 (Vi (), i) -

Let Lﬂgn(u) be the nonnegative Laplace-Beltrami operator in all relative completion directions.
Tangent directions corresponding to physical zero modes and gauge orbits are excluded from
this operator by construction.

Definition 14.4 (Local completion form and Hamiltonian). For ¢ € H 1(,’)2};%(11)), define

2
] = A 1L ()0 (107)
+ /y o) o 922 00) 5120 A )] WP QL) (108)
B,n
where ckln is the exact relative auxiliary kinetic coefficient fixed in equation (21). The Friedrichs

operator associated with this form is denoted
Ci (u). (109)

Proposition 14.5 (Fixed-regulator operator theory). For every fized B,n,u, o, the form (107)

1s densely defined, closed, and nonnegative. The operator Cg%(u) 1s self-adjoint, nonnegative,
and has compact resolvent. Hence its spectrum is a sequence of eigenvalues of finite multiplicity
tending to infinity.
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Proof. The fiber is compact and the induced metric and density are smooth and positive.
The quadratic form ||L£‘f}3,n(u)l/ 29||? is the closed Sobolev form of the nonnegative elliptic
operator. The potential in square brackets is continuous and bounded below by zero, hence
is a bounded form perturbation. The sum is closed and nonnegative. Compactness of the

embedding H' < L? on a compact finite-dimensional manifold gives compact resolvent. [

Program Requirement 14.6 (Gauge-covariant slow—fast form disintegration). Assume the
stratified atlas of theorem 14.3. Construct, on a finite equivariant atlas of each declared block
and sector, unitary chart maps under which the exact global form qﬁl’o admits a slow—fast
decomposition

g [0 = g3 [w] + /u o C @ (u, )] Al (u) + 2Re by u[W] + 7. [9]. (110)
B,n

The construction must satisfy all of the following.
(SF1) The fast form in equation (110) is exactly the conditional auxiliary part of qno, with
coefficient ckfg, not an independently postulated model.
(SF2) Gauge-orbit directions and physical 7-constant base directions are separated from the
fast normal bundle, and the chart transition maps preserve the Gauss constraint and the
declared flux sector.

(SEF3) The cross form has a regulator-uniform relative estimate in the form norms,

b5.alp,all < 150 (@ [0] + Alpll?) 2 (5[] + Adllal?)?, (111)

with a quantitative sequence suitable for theorem 18.5.

(SF4) The remainder rp,, is relatively form bounded with a bound tending to zero after the
fast gap is inserted.

(SF5) The decomposition is compatible on chart overlaps and reconstructs the original exact
form without double counting overlapping blocks.

Proof Audit 14.7 (Why disintegration is indispensable). Compact resolvent of C](;Zb(u)

does not make it a spectral component of H,?Lb. The local band can influence the physical
Hamiltonian only after equation (110) and the overlap identities have been proved. This target
is therefore logically prior to the nonlinear band and global patching theorems.

14.3 Gauge and regulator symmetry

Let Sg)n denote the compact group generated by the residual boundary-preserving gauge
symmetry, block rotations, inner translations, and center transformations that preserve o.

Proposition 14.8 (Equivariance of the completion Hamiltonian). Assume the local gauge
slice and fiber metric are chosen equivariantly. Then

C) (), USH ()] =0 (seSF).

Every isolated spectral-band projection of Cgl(u) is therefore equivariant and decomposes into
real, complex, and quaternionic isotypic blocks as in theorem 4.1.

Proof. The Laplace operator is constructed from an invariant metric, while %3, and 3,
are invariant class functions of plaquette and holonomy data. The form is therefore invari-
ant. Commutation of the associated operator and its Borel functional calculus follows from
uniqueness in the representation theorem for closed forms. O
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14.4 Ground bands

Write the ordered eigenvalues of C( ?) o (u) as

E(()(,T]g,n(u) < Eﬁfg,n(u) <l
A completion ground band of rank rg)n is an interval containing the first rj(;)n eigenvalues and
separated from the rest. Its spectral projection is denoted

Hg?n(u).

The band need not be one dimensional in nontrivial boundary or flux sectors. The correct
requirement is that its rank be controlled and that every nonphysical degeneracy be classified
by symmetry.

15 Coherent histories and the interruption normal form

15.1 The coherent completion set
Define the local coherent set before quotienting by
(UL:{(U,V) :Wir =eon B, H, =eon B}. (112)

After imposing the boundary sector and dividing by the local gauge group, denote the resulting
set by Z](Bg?)l. On the trivial-holonomy branch, theorems 10.3 and 10.4 identify Z};L with the
ordinary four-dimensional gauge variables restricted to one outer-time slice. 7

The closure term is essential here. Without it, the zero-mixed set contains continuous
covariantly constant holonomy strata. The closure potential reduces the target normal manifold
to the ordinary physical zero modes and discrete topological data.

15.2 A proved linearized stiffness theorem

The next lemma is the exact finite-dimensional core of the completion-band idea.

Lemma 15.1 (Cyclic Poincaré estimate). Let E be a finite-dimensional real or complex Hilbert
space, let N > 2, a; >0, and B, = Na,. For & = (&,...,En_1) € EN, set

3 1N71
Szﬁgér

Then

2 —
Z e &I L 165 g (13)

T TT‘O

with cyclic indices.
Proof. Discrete Fourier transformation diagonalizes the left side. On the mode k, the eigenvalue

is i
4a=2 sin2 (W )
a; sin N

The constant mode is the mean. For 1 < k < N — 1, symmetry reduces to 1 < k < N/2, and
sinx > 2z/m on [0, 7/2] gives

4a;?sin®*(r/N) > 16(Na,) >

Summing the nonzero Fourier modes proves the result. O
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For the exact regulator, the quadratic expansion of the mixed potential around a coherent
trivial-holonomy history has the normalized coefficient

- a li 1
a=qo" = %, K= 'yf{nn = §/£H7nNT,n. (114)

Indeed, the mixed plaquette expansion contributes 2972:1% S g1 — & 17 /a2, while

K p(eXpZ€r> = 1an +O(ll€]P)-

Theorem 15.2 (Linearized transverse completion stiffness). Let o,k > 0. Define on ENV

don(€ —az”@‘“ S VIERS (115)

Then
don(€) zmm{ - }Z &2 (116)

Proof. The orthogonal decomposition &, = & + (&, — €) gives
Do lEP = NIEIP + D lle — &I

The difference term annihilates the mean and satisfies equation (113) on the zero-mean part.
The closure term is exactly s times the squared norm of the mean component. Taking the
smaller of the two coefficients proves (116). O

Corollary 15.3 (Diverging frozen tangent band). Under the frozen scaling in (21), the tangent
normal-form floor is

an = mi { r

N. 117
g%v 9 Tn}—>oo ( )

Every zero-mean relative mode is bounded below by 8A. /g2, while the coherent mean/holonomy
mode is bounded below by (kA /2)NJI.

Proof. Apply theorem 15.2 with the coefficients in equation (114) and use theorem 7.4. [

This result is local and quadratic. It does not by itself control large excursions, gauge-slice
transitions, multiple nonlinear wells, or coupling to the physical base variables.
15.3 Nonlinear normal-form target

Program Requirement 15.4 (Uniform gauge-covariant Morse-Bott normal form). Assume
theorem 14.6. For every fixed physical block size, every allowed boundary /flux sector o, and
every sufficiently fine regulator, construct finitely many equivariant gauge slices covering a
tubular neighborhood of Zl(;ZL. In each slice, write fast normal coordinates £ such that

9 2K+ K A0 = (€, Q50 (W)E) + R (u,€), (118)

with the following regulator-uniform properties.
(MB1) On the purely auxiliary normal bundle,

O (W) > qinl,  quazeT g, - oo (119)
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(MB2) In a regulator-independent normal tube,
B (w6l < 046,95, we),  0<0<1, (120)

and the first two base derivatives obey corresponding relative bounds.
(MB3) Outside that tube,

952%B7n + HH,n%B,n > Gfar,n; Qfar,;n — OO (121)

for configurations that are not physical tangent directions.

(MB4) Gauge tangent directions are removed exactly. The tangent space of the coherent man-
ifold consists precisely of physical 7-constant base directions and the declared discrete
topological degeneracies.

(MB5) The gauge-slice metrics, densities, Faddeev—Popov Jacobians, and transition maps have
uniform C? bounds after physical rescaling, and no additional remote low well is omitted.

Proof Audit 15.5 (What the linear theorem does and does not prove). Theorem 15.2 proves
the desired stiffness in the tangent model at trivial holonomy. Extending it to theorem 15.4
requires uniform exponential-coordinate control on a growing lattice, quantitative treatment
of all holonomy strata, and a gauge-covariant description of the normal bundle. None of those
follows from Fourier diagonalization alone.

15.4 An abstract perturbative normal-form lemma

Lemma 15.6 (Stability of a coercive quadratic normal form). Let qo(&) > v||€]|? and suppose
|R(&)] < 0qo(§) on a neighborhood, with 0 < 6 < 1. Then

g0(&) + R(€) = (1 - 0)~||¢]1>.

Proof. The assumed relative bound gives R > —fqp. Hence o + R > (1 — 0)gp > (1 —
O I¢]1. =

16 Local transverse spectral bands

16.1 Fixed-regulator band projections

For fixed B,n,u,o, compact resolvent ensures a discrete spectrum. Choose a contour I’
enclosing a finite group of low eigenvalues but no other spectrum, and define

_ (o) -1
= /F (2 — ()~ d. (122)
Proposition 16.1 (Norm-resolvent stability of a band). Let u — C(u) be a family of self-
adjoint compact-resolvent operators such that the resolvents are norm-continuous at one nonreal
spectral parameter. Suppose a fixed contour I' lies in the resolvent set for all u in a connected
parameter set. Then the Riesz projection I1(u) is norm-continuous and has constant finite
rank.

Proof. The resolvent identity transfers norm-continuity from one nonreal point to every point
on the compact contour. Integration in (122) gives norm-continuity of II(u). Projections
at norm distance less than one have the same rank; connectedness and a finite open-cover
argument make the rank constant. O
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Proposition 16.2 (Symmetry decomposition of a band). If a compact group S commutes
with C(u), then it commutes with II(u). On the realification of its finite-dimensional range,

RanIl(u) ~ PV, @p, My (u), D, € {R,C,H}.

FEvery equivariant effective operator is tested on the multiplicity spaces.

Proof. The resolvent commutes with S, hence so does the contour integral. The rest is
theorem 4.1. O

16.2 IMS localization
The nonlinear band proof requires separate estimates near and far from the coherent manifold.

Lemma 16.3 (Two-region IMS lower bound). Let g be a closed nonnegative form and let
X0, X1 be bounded form multipliers satisfying x3 + x3 = 1. Suppose

qlf] = alxof] + alx1 f] — Emslf], 0 < Emslf] < enusl FII*- (123)

If
alx; f1=milxa I (G=0,1),
then
qlf] = (min{mo, m1} — envs) || f1I*- (124)

Proof. Insert the two local lower bounds into (123) and use

Ixof I+ Ixa f1 = LA
O

For a Laplace-type form, the IMS error is an explicit integral of |Vxo|? + |Vx1|?. A wider
transition annulus reduces this error, but the annulus must remain inside a gauge slice with
regulator-uniform geometry.

16.3 The nonlinear completion-band theorem

Program Requirement 16.4 (Uniform local completion band). Assume theorems 14.6

and 15.4. Prove that there exist a fixed integer 7, band projections Hg’)n (u), and positive
numbers I'; ;, such that:

(CB1) rank Hg)n(u) < 7, uniformly;
(CB2) the purely auxiliary complement satisfies
(1-T0CY) (u)(1 ~T0) > (E) ,(u) + Trp) (1~ 1), Tpp oo (125)

(CB3) the projections are norm-resolvent C? in the physical base variables and equivariant under
every local exact symmetry, with derivative bounds strong enough for theorems 16.6
and 19.5;

(CB4) in the trivial boundary/flux sector the physical fast ground band is rank one and generated
by a smooth strictly positive real vector ¢, (u);

(CB5) every other finite band degeneracy is classified by the boundary/topological sector, and
any nonphysical degeneracy either decouples or is pushed to energy tending to infinity;

(CB6) the band is the spectral band of the exact conditional fast form appearing in equation (110).
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Proposition 16.5 (Berry triviality for a positive rank-one fast vacuum). Let u — ¢(u) be a
C' family of normalized real vectors in a real form of a complex Hilbert space, with ¢(u) > 0
pointwise. Then the Abelian Berry one-form

ABerry = 1<¢7 d¢>

vanishes in the positive gauge. The Born—Huang tensor

Ieu(X,Y) = (1 = [0)(0))Vx ¢, (1 = [){6]) Vy )

need not vanish.

Proof. Differentiating (¢, ¢) = 1 gives 2Re(¢, d¢) = 0. Because the family is real, the inner
product is real, hence it is zero. Positivity fixes the sign continuously and prevents an additional
local phase choice. The orthogonal derivative may nevertheless be nonzero, which is precisely
the Born—-Huang tensor. O

Program Requirement 16.6 (Berry and Born-Huang control). In addition to theorem 5.7,
for the physical rank-one completion band prove global compatibility of the positive gauge
and the quantitative relative-form estimate

\gBin Y]] < eBrn(gyMnl] + Adll]?), eBH,n — 0. (126)

For any unavoidable degenerate band, prove that the matrix-valued Berry curvature is gauge-
equivalent to a scalar flat connection, is absorbed into already declared topological data, or
belongs to a sector whose energy diverges. No additional finite-energy gauge field may survive.

Program Requirement 16.7 (Uniform conditional fast-sector Poincaré inequality). As an
equivalent or alternative route to the spectral-band construction, prove uniformly in B,n,u, o
that

Varyaes (f) <T7h (b [f] = B IFI2) . Trn— o0, (127)

for f orthogonal to the complete fast ground band. Together with compact resolvent this gives
equation (125); conversely, equation (125) gives equation (127) by the spectral theorem.

Program Requirement 16.8 (First concrete fast-sector milestone for SU(2)). Specialize to
G = SU(2), the trivial magnetic and center sector, one fixed physical block, and the frozen
scaling (21). Prove uniformly in the physical base field u that

rank I1p ,,(u) =1, Ey Bn(u) — Eogn(u) > Ty, Irp — 00, (128)
and establish gauge-covariant derivative estimates

sup | Villg,, (u)]| < C;T%, (0<6; < 1) (129)

strong enough to make every Berry/Born-Huang and cross-form correction o(1) relative to the
four-dimensional physical form. The positive rank-one eigenfunction must be compatible on
gauge-slice overlaps. This theorem is the first go/no-go test of whether the DTT completion
sector gives genuinely new analytic leverage.

Proof Audit 16.9 (Status of the local band). The proved tangent estimate and abstract IMS
lemma do not establish theorems 16.4 and 16.7. Missing inputs include the regulator-uniform
nonlinear normal form, gauge-slice Jacobians, all holonomy strata, exclusion of additional
wells, and uniform base-derivative bounds. The positive rank-one observation in theorem 16.5
removes an Abelian Berry phase only after uniqueness and smoothness of the fast ground
state have been proved; it does not control the Born—-Huang potential. These remain the first
decisive D'T'T-specific obligations.
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17 Global completion band and gauge-compatible patching

A global low-energy band cannot be obtained by naively tensoring local projections because
the gauge-invariant Hilbert space does not factor into independent block Hilbert spaces and
neighboring completion terms overlap.

17.1 The commuting benchmark

Lemma 17.1 (Gap of a commuting tensor sum). Let C; > 0 act on H;, with simple ground
energy zero and Cj > ~y; on the ground-state orthogonal complement. On Q7" H;, set

m
C=>1®--0C® ol
j=1

Then the tensor product of the local ground vectors is the unique ground vector and

C = min~;
J

on its orthogonal complement.

Proof. The operators strongly commute and are simultaneously diagonal in tensor products of
their eigenbases. Every non-ground product vector excites at least one factor, so its energy is at
least the smallest local gap. Density and the spectral theorem give the operator inequality. [J

This lemma explains the desired mechanism but does not apply directly to the gauge-
constrained overlapping-block theory.
17.2 Almost-projections

Lemma 17.2 (Rounding an almost-projection). Let A = A* satisfy 0 < A < I and ||[A2—A| <

e <1/4. Then
1++v1—4e

SpeC(A) - [07 Ck_] U [()4+, 1]7 at = 2

The spectral projection Il = 1|, 1)(A) satisfies
JA-T| <a_.
If a group commutes with A, it commutes with II.

Proof. For A € [0,1], the bound |A? — A\| < ¢ excludes the open interval (a_,a.). The
functional-calculus estimate is then the maximum distance from A to the nearest value 0 or 1.
The symmetry statement follows from Borel functional calculus. O

This lemma is useful if products or averaged products of local band projections can be
shown to be almost idempotent.

Program Requirement 17.3 (Gauge-compatible global completion band). Assume theo-
rems 14.6, 16.4 and 16.6. For a bounded-overlap cover B,, by fixed physical blocks, construct
a global equivariant projection II* and an isometry

T HEP — TIPHED

such that:
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(GB1) Hflb commutes with gauge projection, spatial symmetries, inner translation, and the
vacuum projection;
(GB2) the high completion block satisfies

(1-TMHP (1 -T) > Trp — C) (1 -TIP),  Trp—Cy —>o00;  (130)
(GB3) the vacuum is contained exactly,
nbas — g, (131)

(GB4) the range is locally generated by the coherent fast band and is unitarily identified with a
four-dimensional gauge-invariant Hilbert space up to an explicitly controlled error tending
to zero;

(GB5) local band overlaps, Gauss-law correlations, boundary modes, Berry/Born-Huang terms,
and topological labels are controlled by a gauge-compatible martingale, conditional-
expectation, or quasi-adiabatic patching theorem rather than by tensor-factorization
assumptions.

Proof Audit 17.4 (Global patching frontier). Local spectral bands do not automatically give
a global band. The proof must control overlaps, boundary modes, Gauss-law correlations, and
the possibility that local ground bands have inconsistent topological labels. This is the first
local-to-global theorem in the redesigned program.

18 Adiabatic Schur—Feshbach elimination

This section proves the abstract elimination theorem that will consume theorem 17.3.

18.1 A block-operator theorem

Theorem 18.1 (Spectral Feshbach reduction below a transverse band). Let H = H* on
H=PH®QH. Assume PDom H C Dom H, write

A=PHP, B=PHQ, D=QHQ,

and suppose B extends to a bounded operator with | B|| < b. Suppose D > T'Q for some T" > 0.
For real z < T, define
Fu(z)=A— 2P - B(D—-2Q)"'B". (132)
Then:
(i) H—2z >0 if and only if Fy(z) > 0;
(ii)

2

0<B(D-2Q)'B*< P;

133
P (133)

(iii) whenever Fy(z) is invertible, the block inverse is

- F1 —F'B(D —z)!
(H =2 = (—(D —2) 'B*F! (D-2)"'4+(D—-2)"'B*F'B(D - z)_1> » (134)

where F = Fg(z), and

QU — 27 < 5 + 1P (=) (135)
2
+ g7l (136)
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Proof. For x € PH and y € Q Dom H, completion of the square gives
(z+y,(H —2)(z+y)) = (2, Fu(z)z)
+(y+(D—2)' B2, (D= 2)[y+ (D — 2) "' B'al).

This proves (i). Functional calculus gives (D — 2)~! < (I' — 2)71Q, proving (ii). Solving the
two block equations yields equation (134). The lower row contains a first block of norm at
most b(I' — 2z) Y| F~!|| and a second block of norm at most (I' — 2z)~! + b*(T" — 2) 72| F 1.

The triangle inequality gives equation (135). O
Corollary 18.2 (Low-block stability). If A > AP and
b2
<A -
-z =

then H > z. In particular, if ' — oo while b remains bounded, the low spectrum converges to
that of A on every fized compact energy interval.

Proof. By (133),

—z

b2
FH(Z)Z<A—Z—F >P>O.
Apply theorem 18.1. O

Theorem 18.3 (Quadratic-form Feshbach identity). Let ¢ be a densely defined closed semi-
bounded quadratic form on H = PH & QH, and assume

Q:=Domg=PO P QO.

|2 and write, using the polarized sesquilinear forms associated with

For real z, set q, = q— z|| -
the same symbols,

q:[p + r] = a.[p] + d.[r] + 2Reb[p, r|.
Assume d, is closed and strictly positive on QQ, and that for each p € PQ the functional
r > b[p,r] is continuous in the Hilbert norm d.[r]'/?. Let K.p € QQ be the unique Riesz
representative satisfying

d.[K.p,r] = blp, 7] (re@Q), (137)
and define the Feshbach form
f=[p] = az[p] — d.[K.p]. (138)
Then
q:lp + 7] = f2lp] + da[r + Kzp). (139)
Consequently q, > 0 if and only if f. > 0. If ay[p] > 0 and
d:[Kzp] <mazlp]  (0<n<1), (140)

then f:[p] > (1 —n)a[p].
Proof. By equation (137),
d.[r + K.p|] = d.[r] + 2Reb[p, r| + d,[K.p].

Subtracting the final term gives equation (139). For fixed p, the right side is minimized at
r = —K,p, proving the equivalence. The last assertion follows directly from equations (138)
and (140). O

Remark 18.4 (Why the form theorem is the operative one). For a gauge Schrodinger
Hamiltonian the block PH(Q need not be bounded. The natural small parameter is the norm
of the cross form between the slow and fast form spaces. The bounded-operator theorem
remains a useful benchmark, but theorem 18.3 is the correct interface for the exact regulator.
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18.2 Vacuum compatibility

If P contains the vacuum, the Feshbach operator carries the vacuum exactly. Strict positivity
must be tested on the orthogonal complement of the transported vacuum line, just as in
theorem 12.3. The completion-band construction improves the situation because P = I is a
spectral band designed to contain the vacuum, rather than a multiplication window that cuts
through its positive wavefunction.

Program Requirement 18.5 (Uniform form-level adiabatic decoupling). Assume theo-
rem 17.3. Prove that II" preserves the form domain of HS and decompose, for z < E,

Gre[p+ 7] = anz[p] + do[r] + 2Rebalp, 7], peNPQy, re(1-11)Q5
The high form must obey
dps[r] > (T — E—C|r?,  Trp— oo (141)
Let K, .p be the form representer of equation (137). Prove the normalized cross-form estimate
dp 2 [Kn20] < en(B)(an:[p] + Crlpll?),  en(B) =0, (142)

uniformly for z € [—1, E], including the vacuum and all boundary/flux sectors. Define the
effective closed form

Frzlp] = anzlp] — dnz (K 2p) (143)
and transport it through J,, to the four-dimensional Hilbert space. Prove strong-resolvent

convergence below E, and norm-resolvent convergence whenever the stated compactness and
uniform resolvent bounds permit it:

(HP — 2)7t — J(HET — 2)~Lgr — 0. (144)

The vacuum must satisfy TIPQP = QP exactly and be transported to the unique zero vector
of the effective form.

19 The effective four-dimensional gauge theory

19.1 Exact gauge invariance after auxiliary integration

At the FEuclidean level, define the finite-block effective weight by integrating completion
variables:

exp[ =S, (U)] = / oxp[— S5, (U, )] dui v (y). (145)
yB,n(U)

Proposition 19.1 (Gauge invariance of the effective action). If the auxiliary measure and
completion-band action are gauge invariant, then S%ffn s gauge invariant. In particular, its
local expansion can involve only gauge-invariant closed-loop or curvature operators; an open-link
mass term is excluded.

Proof. For a physical gauge transformation g, change variables y — ¢ -y in (145). Invariance
of the measure and action gives

oS (o) _ S5 (U)

A function of a single open link cannot be invariant under independent transformations at its
two endpoints unless it is constant. Therefore nonconstant local terms must be built from
closed holonomies or equivalent gauge-invariant curvature data. O

This argument excludes an explicit gauge-boson Proca mass. It does not exclude a spectral
mass gap in the gauge-invariant Hamiltonian.
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19.2 Quasi-local expansion

A transverse band with exponential completion-sector clustering should imply a linked-cluster
expansion

st D LU+ Y. Pnx( (146)

gR n pCRY, XeR4,
where each @, x is gauge invariant and
S et damX/on @, yllor <en, en = 0. (147)

X30

The plaquette coefficient is fixed by a renormalization condition rather than by an assumed
mass scale.

19.3 The extensive closure term and its local polymer norm

The pointwise limit a; ,kp,, — 0 controls the coefficient of one local closure term but does not
control the sum over the growing spatial volume. The relevant quantity is a local interaction
norm. For a translation-covariant family of gauge-invariant interactions ® = {®x }, define

@108 = sup > et diamE)/an ||y o, (148)
X>z

This norm is volume independent when the interaction is local or exponentially summable.

Proof Audit 19.2 (Why a vanishing bare coefficient is insufficient). Even if a;pncpm, — 0,
the total closure action contains one term per spatial site. Free-energy densities, cumulants,
and induced interactions can therefore remain nonzero. Decoupling must be proved in a norm
such as (148), after integrating the fast variables and including all connected cumulants.

Program Requirement 19.3 (Volume-uniform closure decoupling). Let "% denote the
connected four-dimensional interactions induced by the holonomy closure and the remaining
fast completion variables. Prove, for some p > 0 and finite r,

H(I)auxuloc _ Sgp Z eudiam(X)/an H(I)aux HCT —0. (149)
Xoz

The estimate must be uniform in spatial volume and must include Berry, Born—Huang,
holonomy, and overlap contributions. This is stronger than coefficientwise convergence and is
the required form of auxiliary irrelevance.

Program Requirement 19.4 (Universality—coercivity scaling window). For the frozen
sequences equations (15) and (21), prove simultaneously that

eff

FT,n — 00, €adiab,n — 07 aux n

— 0. (150)

Here I';,, is the exact nonlinear fast-sector gap, €adiab,n is the normalized cross-form error in
equation (142), and eaux » controls all induced four-dimensional interactions. The same fixed
sequence K, must satlsfy all three limits; it may not be retuned after inspecting the effective
action.

Program Requirement 19.5 (Controlled four-dimensional effective action). Starting from
theorems 14.6, 16.4, 16.6, 17.3, 18.5, 19.3 and 19.4, prove equations (146) and (147) and an
operator comparison

HYT = B Ry (0, Ryt)] < e (0, HESMMy) + Adl)?) . (151)
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Prove that every auxiliary-induced relevant or marginal operator is either forbidden by exact
gauge, reflection, and Euclidean symmetries or absorbed into the ordinary Yang—Mills coupling
and vacuum-energy normalization. In particular, a Proca term is forbidden, a CP-odd theta
term is absent in the reflection-symmetric regulator, and all Berry /Born-Huang contributions
obey the relative bound equation (126). All remaining auxiliary operators must be irrelevant
and satisfy €, — 0.

Proof Audit 19.6 (Universality—coercivity compatibility). The auxiliary sector is useful
only if it supplies a transverse band while disappearing from the four-dimensional universality
class. Making rp , large can improve the band but can also induce large effective interactions.
A complete proof must exhibit a scaling window in which both (125) and (147) hold. This
compatibility is not established by the finite-regulator construction.

Part 111

The open nonabelian and continuum
completion program

20 Gauge-fixed block geometry

The completion-band theorem removes transverse auxiliary excitations. It does not control the
physical T-constant gauge field, which remains ordinary four-dimensional Yang—Mills near the
coherent stratum. The next task is therefore a local gauge-rigidity theorem for the physical
field.

20.1 A fixed-combinatorial-block flatness estimate
Let dg be the geodesic distance of the fixed bi-invariant metric on G.

Lemma 20.1 (Defect controls group distance). There is a constant C, < oo such that
da(g.€)* < Colylg) (9 €G). (152)

Proof. Near the identity, theorem 7.1 gives f,(expX) = [ X[*> + O(|X||*), while
da(exp X,e)? = ||X||> + O(| X||*). Hence the ratio is bounded in a neighborhood of
the identity. On the complement of a smaller neighborhood, £, has a strictly positive minimum
and dg is bounded by compactness. Combining the two regions proves the claim. O

Theorem 20.2 (Tree-gauge flatness on a finite cubical block). Let B be a finite simply
connected cubical complex with fixed boundary trivialization and let U be a G-valued lattice
connection in the trivial flux sector. Then there is a gauge transformation g, equal to the
identity on a chosen boundary root, such that

2
Z da (gs(e)Uegiel)a 6) < C(B,p Z gp(Up) (153)

eCB pCB

Proof. Choose a spanning tree 7 in the one-skeleton rooted at the fixed boundary vertex.
Define g recursively so that every transformed tree edge equals the identity. For a non-tree
edge e, the edge together with the two tree paths to the root forms a based loop 7.. Since the
cubical complex is simply connected, 7. is the boundary of a finite plaquette two-chain. After
tree gauge, the transformed value on e equals the ordered product of the plaquette holonomies
in one such filling, with conjugations that do not affect the bi-invariant distance or /.
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For a bi-invariant geodesic distance,
m
de(gr- gm.€) <> dalgj,e).
j=1

Cauchy—Schwarz and theorem 20.1 therefore give

dG(Uéqae)Q <m.C, Z Ep(Up),
PEXe

where m, is the number of plaquettes in the chosen filling .. Sum over the finitely many non-
tree edges and absorb the maximum overlap and filling size into Cp ,. Tree edges contribute
Z€ro. O

The constant in (153) may grow rapidly when the number of lattice cells in a fixed physical
block tends to infinity. The theorem is therefore a finite-combinatorial result, not yet a
scale-uniform lattice Uhlenbeck theorem.

Program Requirement 20.3 (Scale-uniform lattice Uhlenbeck estimate). Fix a physical
block side R > 0. For the refined blocks Bg,,, prove a gauge choice and a discrete Sobolev

norm || - [[;,1,2 such that, whenever the plaquette energy is below a fixed threshold,

140512 ) SCR D2 anl Bl (154)

pCBR,n

with Cr independent of n, and with a corresponding estimate in every allowed boundary and
magnetic-flux sector after subtracting the appropriate flat background. Prove uniform control
of transition functions between the required local gauge charts.

This is the discrete gauge-fixing estimate needed for convexity and small-field RG bounds.
Its continuum model is Uhlenbeck’s small-curvature gauge theorem [52]; a lattice proof must
reproduce the relevant scale-uniform constants rather than cite the continuum statement
formally.

21 Local gauge-invariant Poincaré inequalities

21.1 Ground-state-transformed local forms

Let T be the ground-state transform of the effective four-dimensional transfer operator. Its
Dirichlet form is

ELL D) = (T =T 2. (155)
For a block B, let v}, be the conditional measure inside B given an exterior configuration 7,

and let £} be the corresponding conditional form. All functions are gauge invariant or are
evaluated after a fixed local gauge slice with the Faddeev—Popov density included.

Definition 21.1 (Sectorwise local ground space). For boundary and flux label o, let ngl
be the null space of the local effective generator after all exact gauge directions have been

removed. It may have dimension larger than one. Let Péagl be its orthogonal projection.
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21.2 Near and far regions

Choose a smooth gauge-invariant partition of unity

2 2
Xnear T Xfar = 1

according to the physical plaquette energy. The near region is treated by theorem 20.3; the far
region is treated by the positive potential and compactness.

Theorem Package 21.2 (Inputs for local block rigidity). The block proof requires a gauge-
fixed analogue of log-concave Poincaré control, together with nonconvex and topological
corrections; compare the role of convexity in Brascamp—Lieb inequalities [53]. Concretely, it
requires:

(L1) a scale-uniform gauge slice and Jacobian bound;

(L2) a near-flat Hessian estimate on the orthogonal complement of gauge and ground-space
directions;

(L3) a positive far-region energy floor;

(L4) an IMS partition with localization error smaller than the two local margins;

(L5) uniform boundary-condition and flux-sector bookkeeping;

(L6) control of completion-band corrections from theorem 19.5.

Program Requirement 21.3 (Block interruption—curvature rigidity). For one fixed physical
block size R, prove that there is Cr < oo, independent of n, the exterior condition 7, and the
allowed sector o, such that

|f = PRy, ) < CraER o (f: ). (156)

The form must include electric transfer energy, physical curvature, completion-band response,
and boundary terms. The ground space must be completely classified.

The factor a, ,11 converts the dimensionless one-step Dirichlet form into physical energy
units.

21.3 Abstract local-to-global variance decomposition

Lemma 21.4 (Martingale variance decomposition). Let (2,v) be a probability space and
FoC IS C Ty
a filtration with Fy trivial and F,, complete. For f € L*(v), set f; = E[f | #;]. Then

Var, (f) =Y I1fi — fi-1l3. (157)

j=1

Proof. The martingale differences d; = f; — f;_1 are mutually orthogonal in L? and f—Ef =
>_j dj. Taking squared norms gives the identity. O

A volume-uniform Poincaré theorem follows if every martingale difference can be charged
to a bounded number of local Dirichlet forms with summable constants. Establishing this
charging estimate in a gauge theory is a program requirement because Gauss constraints and
overlapping Wilson loops prevent a naive tensor-product argument.

Program Requirement 21.5 (Gauge-compatible finite-size criterion). Construct a block
filtration or alternating conditional-expectation scheme for which equation (156) implies

Var,en (f) < Caonaa & (f, f), (158)

with Cglop independent of spatial volume and refinement. The proof must preserve gauge
invariance, all declared flux sectors, and the completion-band projection.
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22 Gauge-covariant multiscale renormalization

The ultraviolet coupling tends to zero, while the mass gap is an infrared statement. A complete
proof must connect the two regimes by a controlled multiscale map. Merely writing the
two-loop running coupling does not construct that map.

22.1 Block scales and fields

Fix an integer block factor L > 2. At RG step k, the lattice spacing is
Qp f = Lkan.

Let @ denote a gauge-fixed small-field coordinate on regular blocks and let Xz denote polymers,
i.e. unions of L¥-blocks. Write the effective density schematically as

pe(®r) = exp[=Sif (@) D0 [ ER(X;, @), (159)
{X;} disjoint j
rel

where S; contains the finite-dimensional relevant and marginal coordinates and K}, is a
connected polymer activity.

22.2 Polymer norms

For an activity differentiable to order r, define a representative norm

. LY .
1Kl e = sup AR eerdiams ) oy Sy pige (), (160)
X ‘I)kERk(X) j=0 J:

where Ry (X) is the regular-field domain and the large-field complement is controlled by a
separate regulator. The exact norm used in a proof may differ, but it must simultaneously
control derivatives, polymer size, large fields, gauge charts, and reflection.

22.3 One-step map

A block transformation consists of:
1) gauge-covariant averaging of fine links to coarse links;
) local gauge fixing on regular blocks;
) Gaussian or heat-kernel integration of fluctuation fields;
4) extraction of relevant and marginal local terms;
) reblocking and connected-cluster expansion;
) restoration of gauge-covariant notation and Ward identities.

Program Requirement 22.1 (One-step gauge-covariant RG theorem). Construct a Banach
domain @, of effective actions containing the completion-band effective action of theorem 19.5.
Prove that one RG step is well defined and maps

'Rk : @k — ©k+1

with the following properties:

(RG1) exact local gauge invariance and preservation of boundary/flux sectors;
(RG2) compatibility with outer-time reflection positivity or an equivalent transfer-operator
representation at every scale;
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(RG3) a running coupling relation
g1 = g + bo(log L)gj; + bi(log L)gi + R, | Ryl < Coj (161)
(RG4) contraction of auxiliary and other irrelevant coordinates,
leiiall < L7l + Cgy, w >0 (162)
(RG5) a polymer estimate

HKkJrIHthﬁkH < qHKthk,/% + Cgi? q <1 (163)

(RG6) exponentially small large-field errors and uniform overlap estimates for gauge charts;
(RG7) preservation of the continuum Ward identities at the level of renormalized insertions.
All constants must be uniform for the number of steps needed to reach a fixed physical scale.

The Balaban program supplies major components of such a construction in small-field
regimes [27-30]. The theorem above additionally requires compatibility with the completion-
band effective action, the full diagonal regulator trajectory, and the infrared continuation used
below.

23 The asymptotically free trajectory

23.1 Renormalized coupling condition

Fix a physical scale ;1 > 0 and a gauge-invariant finite-volume observable O,,, such as a
normalized small Wilson-loop response or gradient-flow coupling. Define the renormalized
coupling by

Ihn(1) = Ru((Op)n), (164)

where R, is fixed independently of the desired mass gap.

23.2 Optional inner-spectrum matching functionals

The companion spectral-geometry paper proposes trace functionals of a protected inner
operator as a way to organize common high-scale corrections. Such a quantity is mathematically
meaningful only under an explicit trace-class hypothesis and cannot replace the four-dimensional
renormalization condition (164). Let Lg, > 0 be an auxiliary fast generator, let P, , be a
finite-rank or trace-compatible carrier projection, and let f be a positive rapidly decreasing
profile. When trace class, define

Gan(t) = ka Tr (Panf(Lin/i?)) (165)

This is a matching diagnostic for how a common inner spectrum could enter several effective
sectors. The physical pure-Yang-Mills coupling is still fixed by (164); G, 5, is not a prediction
of its numerical value.

Program Requirement 23.1 (Irrelevance of auxiliary spectral coupling corrections). If
functionals of the form (165) occur in the effective action, prove in the same local polymer norm
used in theorem 19.3 that their contribution is either absorbed into the ordinary Yang-Mills
coupling and vacuum-energy normalization or tends to zero. In particular, any anomalous
power or log-periodic term generated by an auxiliary spectral zeta function must disappear
from the universal pure-Yang—Mills continuum limit unless it is independently derived as a
property of that target theory.
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Proof Audit 23.2 (Spectral traces are not a renormalization theorem). Functional calculus
makes (165) well defined under trace-class assumptions, but it does not prove the Yang—Mills
beta function, the existence of a renormalized trajectory, or regulator independence. Those
remain the content of theorems 23.3, 24.2 and 31.1.

Program Requirement 23.3 (Nonperturbative ultraviolet trajectory). For every sufficiently
small prescribed gr(p) > 0, prove that there is a unique microscopic sequence of bare couplings
and allowed counterterms such that

R (1) — gr(p)-

Derive, rather than assume, the asymptotic formula

O log log(a5)
G = 2bo log(an'/Ag) [1 - O(W)l e

and prove that the completion-band couplings lie in the stable irrelevant manifold of the RG
transformation.

The two-loop sequence of theorem 7.2 is retained only as a reference parametrization. It
becomes physically meaningful only after theorem 23.3 is proved.

23.3 Dimensional transmutation

Once a trajectory is constructed, define the RG invariant scale by

9r (1)
Ag = pexp l— / . ﬁc(lg)] X the chosen scheme normalization. (167)

No spectral mass is used to define Ag. The theorem must later show that the physical gap is
a positive multiple of this independently defined scale.

24 Crossover to a massive infrared domain

Ultraviolet control alone does not imply a mass gap. A constructive proof needs a theorem
connecting the weak-coupling trajectory to a domain in which a convergent infrared expansion
gives exponential clustering.

Definition 24.1 (Massive polymer domain). A scale-k effective action belongs to ®pass if:

(D1) its character or local transfer expansion has a unique vacuum sector;

(D2) the connected polymer activity satisfies a Kotecky—Preiss-type summability bound [57]
with constant ¢, < 1;

(D3) gauge-invariant insertions have exponentially summable truncated activities;

(D4) all auxiliary-induced relevant coordinates vanish or have been absorbed into ordinary
Yang—Mills normalization;

(D5) the resulting correlation length in coarse lattice units is bounded uniformly.

Program Requirement 24.2 (Completion-assisted RG capture). There exist L > 2, an RG
step number k,,, and constants g, < 1, ms > 0 such that

anLFfr — AZY, (168)
and the scale-k,, effective action lies in D, With constants independent of n. In addition,
[k Il < Cag (169)

for some w > 0.
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24.1 Three-regime proof strategy

A credible proof must cover three regimes without a gap in scale.

(C1) Weak coupling. Iterate theorem 22.1 while gx < gpert, controlling errors for O(g;,2)
steps.

(C2) Intermediate coupling. Cover the compact interval [gpert, g«] by rigorous analytic
bounds or validated interval computations for the finite-dimensional relevant RG map,
with every discarded polymer tail bounded analytically.

(C3) Massive domain. Prove that the endpoint satisfies the character/polymer convergence
criterion defining ®ags-

Proof Audit 24.3 (The central Yang—Mills frontier). Theorem 24.2 is the deepest unresolved
theorem in the paper. It is not a consequence of the transverse completion band. The band
may improve locality and suppress auxiliary directions, but the transition from asymptotic
freedom to a massive four-dimensional infrared theory must still be proved from nonabelian
dynamics.

25 DMassive-domain clustering

Program Requirement 25.1 (Uniform exponential clustering). Assume theorem 24.2. Prove
that for gauge-invariant local observables A, B in the scale-k,, theory,

[(AB), — (A)k, (B)k,| < Cape” ™= Hn(AB), (170)

with m, > 0 independent of n. Prove the same estimate for time-separated positive-time
observables in a dense OS-cyclic core.

The physical mass scale associated with the coarse estimate is

Ag = my lim (a, L) = m,Ag > 0. (171)

Theorem 25.2 (Euclidean time decay implies a Hamiltonian gap). Let H > 0 have a unique
vacuum 2, and let C C QF be dense. Suppose that for every v € C and every € > 0 there is
Cye < 00 such that

0< (e ) < Cyee” B9 (t>0). (172)

Then
Spec(H|qr) C [A,00).

Proof. Let p,, be the spectral measure of H. If ([0, A — 2¢]) > 0, then
(e Hap) > e (B2, (0, A — 2¢)),

contradicting (172) for large t. Thus every ¢ € C has spectral support in [A, co). Density and
continuity of spectral projections extend the conclusion to Q. O

26 Uniform global gap
There are two equivalent endpoints for the finite-regulator infrared analysis: a global Poincaré

inequality for the ground-state-transformed transfer operator, or uniform exponential decay
on an OS-cyclic core.
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Program Requirement 26.1 (Multiscale Poincaré inequality). Prove that there is Ag > 0,
independent of n and spatial volume, such that

(f, (I = TP) ) ey = (1 — €707 86) Var o (f) (173)

for every gauge-invariant physical observable in the auxiliary-neutral sector. The proof must
be obtained from theorems 21.3, 21.5, 24.2 and 25.1, with all constants tracked in physical
units.

Proposition 26.2 (Poincaré inequality gives a transfer and Hamiltonian gap). If (173) holds,
then
T < e AT on ()",

and therefore
H > Ag  on (QP)*, (174)

Proof. The ground-state transform is unitary and maps (Q25°)+ to mean-zero functions. On
that subspace, (173) gives
N e
(f TP f) < e miel|f|2.

Self-adjointness gives the operator bound. Applying the decreasing function —a; ,11 log by
spectral calculus yields (174). O

Corollary 26.3 (Punctured interruption response from the global gap). Assume (174). For
every 0 < § < Agq, every orthogonal projection P, and the associated vacuum-compatible gap
operator, the Feshbach operator is nonnegative whenever its high block is invertible. On the
punctured low space it inherits the spectral margin corresponding to Aq — . Thus the response
inequality sought in theorem 12.11 becomes a consequence of the global constructive gap rather
than an independent assumption.

Proof. The Hamiltonian bound is equivalent to nonnegativity of the vacuum-corrected transfer-
gap operator for every § < Ag. The Schur—Feshbach criterion theorem 12.2 transfers this
nonnegativity to the low Feshbach operator. Removing its transported vacuum kernel gives
the punctured statement. Quantitative margins follow from the spectral distance between
e~ and e~ ARG, O

Part IV
Continuum construction and intrinsic
identification

27 A countable gauge-invariant observable core

A continuum construction must specify the observables whose correlations converge. It is not
enough to prove weak convergence of bare link measures, because continuum Wilson loops and
curvature fields require renormalization.

27.1 Wilson-loop generators

Let % be the countable set of piecewise linear loops in R* whose vertices and affine parameters
are rational. Let Gy be a countable set of finite-dimensional unitary representations separating
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conjugacy classes of G. For v € ) and 7 € Go, write

Wy x(A) = Trr Hola (7).
At finite lattice spacing, choose a declared polygonal approximation =, and a renormalization
factor Z, r n, including perimeter and cusp counterterms when required. Define

WDE = 7, o Trr Uy, (175)

27.2 Bounded curvature generators

Let f range over a countable dense family of compactly supported rational test tensors, and
let P range over invariant polynomials on g with rational coefficients in a fixed basis. Formally
write

Frp= /R P(Fa(@)f(x) d'z.

Use bounded transforms

b(Fy.p) = Fyp(1+ Ffp) /% (176)
Their lattice approximants are defined by small-loop curvature reconstruction and the same
renormalization conditions used in the RG analysis.

Definition 27.1 (Countable Wilson—curvature core). Let 20y be the unital x-algebra over
Q +iQ generated by:
(i) the renormalized Wilson variables (175);
(ii) bounded curvature transforms (176);
(iii) finite ordered products and rational outer-time translates;
(iv) adjoints and finite linear combinations.
Let 20 be a locally convex completion strong enough that the Euclidean functionals and
positive-time products are continuous.

Program Requirement 27.2 (Core approximation and renormalization). Construct the
renormalization factors and lattice approximants so that:
(OC1) every generator has uniformly bounded moments of all orders needed for the OS topology;
(OC2) the maps 7y +— Wfﬂ and f — b(Fy p) are continuous in the declared topology;
(OC3) small-loop reconstruction identifies the curvature generators;
(OC4) 25, is OS-cyclic in the continuum vacuum representation;
(0C5)

C5) the construction is independent of the auxiliary completion regulator.

28 Convergence of Schwinger functionals

For A € 2y, let
Sn(A) = (5, AnQ5)

be the finite-regulator vacuum functional.

Lemma 28.1 (Reflection positivity is closed under pointwise limits). Suppose S,, are reflection-
positive functionals on a common positive-time *-algebra and S,,(A) — S(A) for every algebra
element appearing in finite OS quadratic forms. Then S is reflection positive.

Proof. For a finite family Ay, ..., A,, and coefficients c;, reflection positivity gives

j7k
Every term converges, so the finite sum converges to the corresponding OS quadratic form for
S, which is therefore nonnegative. O

o7



Lemma 28.2 (Clustering gives vacuum uniqueness). Let a translation-invariant OS functional
reconstruct a vacuum representation. If connected correlations of a cyclic algebra satisfy

S(A(B)) —S(A)S(B) — 0

as |z| — oo in a spacelike or Euclidean direction, then the translation-invariant subspace is
one dimensional.

Proof. Let Py be the projection onto translation-invariant vectors. The mean ergodic theorem
gives weak convergence of spatial averages of 7,,(B)2 to PyBf). Clustering shows that every
matrix element of this limit against the cyclic vectors A equals (AQ, Q)(Q2, BQY). Hence
PyBQ = (Q, BQ)Q. Cyclicity gives PoH = CS. O

28.1 Restoration of four-dimensional Euclidean covariance

The exact Hamiltonian regulator has continuous outer time and a spatial lattice, so full E(4)
covariance is not automatic. It must be recovered through renormalized isotropy.

Program Requirement 28.3 (Isotropic F(4) restoration). Prove along the renormalized
trajectory that:

(E41) spatial and temporal two-point normalizations converge to a common wave-function
normalization;

(E42) every allowed anisotropic relevant or marginal counterterm is either absent by reflec-
tion/cubic symmetry or is tuned by a renormalization condition fixed independently of
the desired mass gap;

(E43) lattice rotations, translations, and time translations converge on the Wilson—curvature
core to a strongly continuous representation of F(4);

(E44) Schwinger functions transformed by an arbitrary compact set of Euclidean rotations
converge uniformly to the rotated limiting functions;

(E45) the reconstructed speed parameter is finite, nonzero, and absorbed by one final choice of
physical units.

The proof must be compatible with reflection positivity and with the auxiliary-decoupling
estimate theorem 19.3.

Program Requirement 28.4 (Nontrivial four-dimensional OS limit). Along the trajectory
of theorems 23.3, 24.2 and 28.3, prove that
Sg(A) = lim Sn(A) (A S Qﬁo) (177)

n—oo

exists and extends continuously to 2. Prove:
(OS1) normalization and positivity;
(0OS2) Euclidean translation and rotation covariance, including restoration from the lattice
subgroup to E(4);
( ) reflection positivity with respect to outer Euclidean time;
( ) permutation symmetry, regularity, and temperedness of the corresponding distributions;
(OS5) locality of the reconstructed gauge-invariant fields;
( ) clustering and a unique vacuum;
( ) nontriviality of connected Wilson-loop or curvature correlations;
(OS8) convergence independent of the admissible auxiliary scaling and closure-potential sequence.

Proof Audit 28.5 (Compactness is insufficient). Probability-measure tightness or pointwise
convergence of a few Wilson loops would not prove theorem 28.4. Renormalized insertions, OS
regularity, locality, nontriviality, covariance restoration, and uniqueness must all be controlled
on a separating algebra.
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29 Comparison spaces, Mosco convergence, and gap transfer

The finite-regulator Hilbert spaces vary with n. A continuum gap theorem therefore needs
explicit comparison maps.

Definition 29.1 (Identified Mosco convergence). Let (Hy, qn,€2,) be the finite-regulator
physical theories and (H, ¢, ) a candidate limit. Let

In:Hn—>7-A{, I H—H

be isometries into a common Hilbert space. We say ¢, converges to ¢ in the identified Mosco
sense if:

(M1) whenever I, u,, — Iu and the energies are bounded,

q[u] < hmkinf Adny, [unk]7

(M2) for every u € Dom g, there are u, € Dom ¢, with
Iyuy, — Tu, Qn[un] — Q[u];

(M3) 1,9, — IQ strongly;
(M4) local observables and time translations converge on a common dense core.

Theorem 29.2 (Uniform gaps survive identified Mosco convergence). Assume identified Mosco
convergence and suppose

gnlu] > A (J[ulf? = (20, uw)[?) (178)
for one A >0 and all n. If q[QY] =0, then
glu] > A ([lul® = [(2,w)?) (179)
Consequently the self-adjoint operator H associated with q satisfies
HQ =0, Spec(H|q1) C [A, 00).

Proof. For u € Dom g, take a recovery sequence u,. Strong convergence of I,u, and I,€),
gives
<Qna Un> — <Qa u>

Pass to the limit in (178) using convergence of the recovery energies. This gives (179). Since
q[Q)] = 0, the representation theorem gives H'/2Q = 0. Restricting to Q- and applying the
spectral theorem gives the spectral inclusion. ]

Program Requirement 29.3 (Comparison-space convergence). Construct the comparison
Hilbert space and maps in theorem 29.1 for the regulator family. Prove identified Mosco
convergence of the physical Hamiltonian forms, strong convergence of the transfer semigroups
on the Wilson—curvature core, stability of vacuum orthogonality, and compatibility with the
OS functional of theorem 28.4.

Once theorems 26.1 and 29.3 are proved, theorem 29.2 transfers the same Ag to the
continuum.

30 Auxiliary invisibility

A gapped continuum limit of the enlarged regulator is not yet four-dimensional Yang—Mills.
The auxiliary completion sector must disappear from local physics.
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30.1 A general spectral decoupling lemma

Lemma 30.1 (Diverging auxiliary gap removes nonneutral low-energy states). Let H,, > 0
commute with an orthogonal projection P,, and suppose

(1-—P)H,(1—P,) >To(1=P,), T, — o0,

Then for every fivred E < o,
(1 - Pn)l[O,E] (Hn) =0 (180)

for all sufficiently large n.

Proof. Since P, commutes with H,, the two subspaces reduce the spectral calculus. The
spectrum of the restriction to (1 — P,,)H, lies in [[',,00). If T';, > E, the spectral projection
onto [0, E] vanishes there. O

Applied to nontrivial inner-time character sectors, this lemma would show that fixed-energy
excitations are eventually auxiliary neutral. It does not by itself remove neutral holonomy
observables. On any linearized real comparison sector carrying the canonical positive-energy
complex structure J,, a second diagnostic is the antilinear leakage

B0 (Su0) = 5 (Su(t) + Sa()F), Q= B0, (Sul0) B (Sal0). (181)

It vanishes exactly when the reduced real evolution preserves the selected complex structure.
This is a phase-compatibility diagnostic, not a Hamiltonian mass-gap observable.

Program Requirement 30.2 (Auxiliary invisibility). Prove all of the following.
(AIl) Nonneutral divergence: for every nontrivial inner character ¥,

szb{mx > FT,nu FTJL — Q.
(AI2) Holonomy concentration: for every fixed physical compact region O,

sup(€,(Hz))n — 0.
ze0

(AI3) Scalarization: for every bounded neutral auxiliary observable B, localized over O,
<A1 [Bn - <Bn>nI]A2>n —0

for all physical-core observables A1, As.

(Al4) Completion-band holonomy disappearance: the Kato curvature of every removable
completion band obeys the no-extra-gauge alternatives in theorem 5.7; no new finite-energy
U(m) connection survives.

(AI5) Antilinear leakage disappearance: for every compact region O and fixed T' < oo, the
localized version of (181) satisfies

sup ||xof, (Sn(t))xol — 0,
0<t<T

or an explicitly declared local Hilbert—Schmidt or matrix-element substitute when operator
norm is too strong.

(AI6) Route independence: physical correlations are independent of the admissible sequence
Nrn,Grn, Koy, of auxiliary gauge fixing, and of the choice of equivalent fast-band trivial-
ization.
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(AI7) Local-net conclusion: the continuum local algebra is generated entirely by four-
dimensional Wilson-loop and curvature observables, and no winding, holonomy, Kaluza—
Klein, or residual adiabatic-gauge particle sector survives.

Proof Audit 30.3 (Neutral does not mean invisible). The Reynolds projection of theorem 2.2
removes nontrivial inner characters but leaves invariant functions of auxiliary holonomy and
relative configurations. Auxiliary neutrality is therefore only the first step. Scalarization and
route independence are indispensable.

31 Intrinsic Yang—Mills identification

The limiting theory must earn the name pure Yang-Mills through its intrinsic properties. It is
not enough to define a target functional to equal the limit.

Program Requirement 31.1 (Intrinsic Yang—Mills identification). For the continuum
functional S¢, prove:
(YM1) the compact gauge group and its global form are the declared Gj
(YM2) the physical local net is generated by renormalized Wilson loops and invariant curvature
polynomials;
(YM3) the continuum Ward identities and renormalized Schwinger-Dyson relations are those of
pure Yang—Mills;
(YM4) the ultraviolet normalization and beta function agree with the asymptotically free trajec-
tory of theorem 23.3;
(YM5) any retained carrier-band holonomy is exactly the declared G-connection, while every
removable completion-band holonomy satisfies theorem 5.7;
(YM6) every auxiliary spectral matching functional satisfies theorem 23.1;
(YM7) no additional relevant or marginal interaction induced by the completion regulator survives;
(YMS) the functional is universal under admissible changes of lattice action, completion-band
closure potential, and auxiliary scaling;
(YM9) the theory is nontrivial, local, clustering, and has a unique vacuum.

31.1 Small-loop curvature reconstruction

A concrete bridge between Wilson loops and curvature is required. For a small oriented
rectangle v, (z, ), the formal expansion is

Holu(yuw) = I +€2F(x) + O(?).
The continuum theorem must establish a renormalized smeared version of

e 2 (WE (o) = Wariv) — Fu() (182)

Tuv
in the topology of bounded transforms or affiliated local operators. Perimeter and cusp
renormalization, operator domains, and the order of n — oo and € — 0 must be controlled.
31.2 An abstract core-identification theorem

Theorem 31.2 (Core equality implies OS unitary equivalence). Let 81 and Sy be continuous
reflection-positive Euclidean functionals on the same completed algebra 203, with the same
reflection and time translations. Assume 2y is dense and OS-cyclic for both. If

81 (A) = SQ(A) (A S QUQ),
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then their OS Hilbert spaces are unitarily equivalent. The unitary preserves the vacuum,
intertwines the time semigroups and Hamiltonians, and intertwines the represented core
observables. In particular, the Hamiltonian spectra and mass gaps agree.

Proof. Continuity and density extend equality to all products © AB in the positive-time algebra.
Therefore the OS seminorms and null spaces agree on the core. The map [A]; — [A]2 is a
well-defined isometry. Cyclicity gives dense range, so it extends to a unitary. Equality of
translated classes intertwines the positive semigroups, and uniqueness of the nonnegative self-
adjoint generator intertwines the Hamiltonians. The same quotient construction intertwines
the represented observables. O

This theorem is useful only when the target functional is independently constructed. The

preferred Clay-facing route is theorem 31.1, which identifies the DTT limit intrinsically.

32 Publication status and consolidated completion program

32.1 Consolidated program requirements

The open program is organized into six dependency blocks. Detailed formulations occur at the
points of use; this table is the publication-facing ledger.

Block

Requirements

Decisive deliverable

Fast geometry

theorems 5.7, 14.3, 14.6,
15.4, 16.4, 16.6 and 16.7

A rank-one removable completion band,
or an explicitly classified retained
carrier band, with a diverging auxiliary
gap and no unintended gauge
holonomy.

Global theorems 17.3 and 18.5 Exact-vacuum global patching and a

elimination form-resolvent reduction to a
four-dimensional low-energy
Hamiltonian.

Auxiliary theorems 19.3 to 19.5 A volume-uniform local polymer bound

irrelevance and 23.1 showing that only ordinary Yang—Mills
relevant /marginal data survive and
that optional inner-spectrum
corrections are absorbed or vanish.

Nonabelian theorems 20.3, 21.3, 21.5, A weak-to-massive RG trajectory and a

dynamics 22.1, 23.3, 24.2, 25.1 regulator-uniform physical Poincaré

and 26.1 inequality.

Continuum theorems 27.2, 28.3, 28.4 Nontrivial E(4)-covariant OS data and

construction and 29.3 gap-preserving comparison-space
convergence.

Identification theorems 30.2 and 31.1 Scalarization of all auxiliary

observables and intrinsic
pure-Yang—Mills universality.
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32.2 Conditional endpoint theorem

Theorem 32.1 (Conditional DTT-to-Yang—Mills endpoint). Suppose that theorems 5.7, 14.5,
14.6, 15.4, 16.4, 16.6, 16.7, 17.3, 18.5, 19.3 to 19.5, 20.5, 21.3, 21.5, 22.1, 23.1, 23.3, 2}.2,
25.1, 26.1, 27.2, 28.3, 28.4, 29.3, 30.2 and 31.1 are proved for the frozen requlator family and
every compact connected G with simple Lie algebra. Then theorem 1.2 holds.

Proof. The completion-band and adiabatic theorems reduce the low-energy enlarged theory
to the effective four-dimensional gauge theory with vanishing auxiliary corrections. The
lattice flatness, block Poincaré, finite-size, RG, and clustering theorems imply the uniform
finite-regulator lower bound (174). The observable-core and OS-limit theorems construct the
nontrivial continuum vacuum theory. Identified Mosco convergence and theorem 29.2 transfer
the gap. Auxiliary invisibility removes the completion sector, and intrinsic identification proves
that the resulting local net and functional are pure Yang—Mills. Therefore the continuum
Hamiltonian satisfies (3). O

32.3 Exact status
e 3
The present manuscript does not prove theorem 32.1’s hypotheses. It proves
the finite-regulator transfer theory, exact continuous-time completion Hamiltonian, exact
interruption geometry, hard-window no-go theorem, corrected punctured Feshbach im-
plication, explicit linear fast-scale divergence, the corrected operator Feshbach estimate,
the quadratic-form Feshbach identity, the standard Kato protected-band theorem with
the corrected intrinsic connection formula, and the abstract transfer theorems. The
exact slow—fast disintegration, nonlinear completion band, Berry/Born—-Huang control,
four-dimensional RG crossover, global Poincaré estimate, continuum construction, aux-
iliary invisibility, and intrinsic Yang—Mills identification remain program requirements.
Consequently (3) is not asserted as an unconditional theorem.

. J

32.4 Shortest noncircular proof-production order

The recommended order is:

Stage 0. Freeze the exact Hamiltonian regulator and parameter sequence. The present edition
completes the formal part of this stage; a proof implementation must still verify the
orbit-type atlas and slow—fast disintegration theorems 14.3 and 14.6.

Stage 1. For G = SU(2), one declared trivial-flux block, and the fixed scaling equation (21),
prove theorems 5.7, 15.4, 16.4, 16.6 and 16.7 with a unique positive rank-one fast
ground state and no unintended Kato holonomy.

Stage 2. Prove exact-vacuum global patching and form-level adiabatic elimination, theo-
rems 17.3 and 18.5.

Stage 3. Prove volume-uniform closure decoupling, the nonempty universality—coercivity win-
dow, auxiliary spectral-correction irrelevance, and the quasi-local four-dimensional
effective action, theorems 19.3 to 19.5 and 23.1.

Stage 4. Prove the scale-uniform lattice Uhlenbeck, block Poincaré, and gauge-compatible
finite-size results, theorems 20.3, 21.3 and 21.5.

Stage 5. Construct the one-step RG map and nonperturbative ultraviolet trajectory, theo-
rems 22.1 and 23.3.

Stage 6. Prove the crossover to a massive domain, exponential clustering, and the volume-
uniform Poincaré inequality, theorems 24.2, 25.1 and 26.1.

Stage 7. Construct and renormalize the Wilson—curvature core, continuum OS functional, and
comparison-space limit, theorems 27.2, 28.3, 28.4 and 29.3.
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Stage 8. Prove auxiliary/Berry invisibility and intrinsic Yang—Mills universality, theorems 30.2
and 31.1.
Stage 1 tests whether DT'T supplies genuine new analytical leverage. Stage 6 is the deepest
Yang—Mills step. The last two stages ensure that the resulting gapped theory is neither a
compactified auxiliary theory nor an unidentified lattice universality class.

32.5 Falsifiers

The proposed route fails or requires redesign if any of the following occurs:
(F1) the exact global Hamiltonian cannot be disintegrated into the proposed physical and fast
forms with controlled cross terms;
) the transverse completion-band gap collapses under refinement;
) the holonomy closure term produces a surviving non-Yang—Mills relevant interaction;
4) local completion bands cannot be patched compatibly with the Gauss constraint;
) Berry, Born—Huang, or other Kato-band holonomy survives as an additional finite-energy
field;
(F6) a carrier-band structure group is confused with the prescribed Yang—Mills gauge group,
or an auxiliary U(m) factor survives;
(F7) an auxiliary spectral trace produces residual anomalous or log-periodic running incompat-
ible with pure Yang—Mills;
) the effective action leaves the Yang—Mills universality class;
) the scale-uniform lattice flatness or block Poincaré estimates fail;
F10) the RG trajectory cannot be controlled through intermediate coupling;
) the continuum functional is trivial, nonlocal, or fails OS regularity;
) auxiliary holonomy or winding remains visible in local correlators;
) the limiting Ward identities or ultraviolet normalization differ from pure Yang-Mills.
These are mathematical failure modes, not rhetorical caveats.

32.6 Conclusion

The rigorous content of the DTT interpretation can now be summarized without shortcuts:

inner-time recurrence and covariant interruption
— an exact global Schrodinger Hamiltonian with a proved slow—fast fiber decomposition
— a transverse spectral band, if theorem 16.4 holds
— a four-dimensional effective gauge theory

— a mass gap only after nonabelian RG coercivity and continuum identification.

Thus “mass from interrupted inner time” has a precise prospective meaning: after all
hidden completion channels are allowed to relax, every physical nonvacuum sector must retain
a positive outer-time response. The completion-band redesign identifies a concrete operator
mechanism by which DTT might help establish that response. It does not replace the four-
dimensional nonabelian proof. A complete solution requires the program requirements above
to be replaced, one by one, by regulator-uniform proofs.

A Notation, scales, and operator roles

The same symbol is never used for the transfer kernel, the mixed-energy multiplication operator,
and the auxiliary fiber difference. The principal notation is collected below.
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Meaning

n
cb cb
HCb,, HE

n,0’

TP = e=atnHy®

Hy,
Qp, Qflb
Kn = M%/n
cov
TV
H,
j‘r,n
Gn,5
FY5(6)
kin . mix

Cﬁn? an ) K;H,n

Ci ) (u)

S

L7, (u), 115
Hef

-ABerry ) gBH

physical spatial lattice spacing

outer Euclidean-time transfer step

auxiliary inner-time lattice spacing

number of auxiliary sites

physical circumference of the auxiliary completion cycle
one-slice product configuration space

one-slice local gauge group

gauge-restricted heat semigroup

normalized diagnostic Strang transfer operator

exact unshifted and ground-energy-shifted completion
Hamiltonians

exact completion-band transfer semigroup

diagnostic Hamiltonian —a, Nog T,

Perron—Frobenius vacuum vectors

mixed-energy multiplication operator
configuration-dependent covariant auxiliary difference
auxiliary holonomy at spatial site x

gauge-invariant inner-flow interruption functional
vacuum-corrected transfer-gap operator

hard-window vacuum-compatible Feshbach operator
frozen kinetic, mixed-potential, and closure coefficients

conditional fast Hamiltonian, pending the slow—fast disintegration
theorem

local and global completion-band projections

form-level adiabatically reduced four-dimensional effective
Hamiltonian

Berry connection and Born—Huang tensor of the fast band
countable renormalized Wilson—curvature core

target continuum Euclidean functional

target positive physical mass gap

A.1 Dimensions and normalization

Natural units 7~ = ¢ = 1 are used. The physical Hamiltonian has inverse-length dimension. A
transfer threshold associated with a physical energy § is

Tn,(S = e_at’né — 1 - at,né + O(azn)

Accordingly, a regulator-uniform physical gap corresponds to a one-step transfer margin of
order a;p, not to a fixed dimensionless gap below one.

A.2 Claim-status symbols

A boxed program requirement is not an assumption silently consumed by earlier results. The
final conditional theorem explicitly lists every target it consumes. A proof audit records either
a counterexample, a missing uniform estimate, or a required identification theorem.
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B Global forms and flux labels for all simple Lie algebras

Every compact connected group with simple Lie algebra has the form
G=G/T, T'<Z(G),
where G is compact and simply connected. Then

m(G)=T',  Z(G)=Z(G)T.

The possible simply connected centers are listed below.

Lie type Simply connected group Center

Ap, £ >1 SU (¢ + 1) Zps1

Bg, l > 2 Spin(% + 1) ZQ

Cyp, £ >2 Sp(0) Zo

Dy, £ >4, (¢ even Spin(2¢) Lo X L

Dy, £ > 5, ¢ odd Spin(2/) Z4

FEg compact simply connected FEg Zs

Er compact simply connected E7 Zo

Eg, Fy, Go corresponding simply connected  trivial
group

Because H2(T3;T") = (I")3, every magnetic sector on the spatial torus is represented by
three finite flux labels. In the untwisted magnetic sector, the three independent center-cut
transformations give

Co=Z(G),  xeZ(G)
For a nontrivial magnetic cocycle, the allowed center transformations are the subgroup C,
preserving that cocycle. This is the sector convention used in section 7.5. The no-go theorem
does not require any nontrivial flux: it applies in (m, x) = (0,1) for every global form.

C Finite-period trace states and the vacuum process

A finite periodic outer-time path integral represents a trace state. The vacuum state is obtained
either from the two-sided ground-state-transformed Markov process or by an infinite-period
limit taken at fixed regulator.

Proposition C.1 (Infinite-period convergence at fixed regulator). Let T' be a positive trace-
class contraction with simple top eigenvalue 1, normalized eigenvector §2, and remaining spectral
radius v < 1. For bounded A, define

Tr(TMA)
tr _
Then
W (A) — (Q, AQ), (183)
and
Wi (4) — (2, 4Q)] < 2 APV T T (184)
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Proof. Choose an eigenbasis {2, eq, e, ..., with eigenvalues 1,t1,ts,.... Then

Tr(TY A) = (Q, AQ) + >t} (e}, Ae;),
Jj>1

and Tr(TM) =1+ 3,5, t}. Since

S <MY g < MU,
Jj21 g2l

the estimate follows by elementary algebra and |(e;, Ae;)| < ||A]|. O

The bound need not be uniform as regulators are removed because r,, may approach one.
Therefore the infinite-period limit is taken at each fixed regulator before the continuum limit,
exactly as specified in section 7.6.

D Projection-inertia Schur module

Lemma D.1 (Stationary hidden-variable elimination). Let

o K:I:a: K:):y _ g%
’C_<Kym Ky, = K7, Ky, >0,

and define
B(e,y) = 3 {r &y, Kz & y))
For fized z, the unique stationary point is
ye(z) = — K, | Ky,
and 1
(@, y+(2)) = 5@, (Kaa — KoyK, Kye)). (185)
Moreover IC > 0 if and only if its Schur complement in equation (185) is nonnegative.

Proof. Differentiation in y gives K,z + Ky,y = 0. Completing the square yields

20(z,y) = (2, (Kow — KoyK, Kya)z)
+ (y + Ky_leyx:U, Kyy(y + Ky—leymx)).

The second term is nonnegative and can be made zero, proving every assertion. O

Proof Audit D.2 (Response analogy only). The Feshbach map equation (79) has the same
block algebra as equation (185). In the language of section 11, the high sector is the hidden
completion channel and the punctured Feshbach operator is the response left after that channel
attempts to restore inner-time coherence. The analogy supplies no positivity; indeed theorem 1.1
shows that an incautious mixing formulation is inconsistent on the symmetry-protected vacuum
line.
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E Twisted Fourier and linear completion calculations

Let V be a finite-dimensional complex Hilbert space, H € U(V), and N > 2. Define
a(r+1)—a(r)

(Dya)(r) = ” 0<r<N-1),

(Dya)(N —1) = 20 —alN=1)

ar

0

Choose an orthonormal basis v; with Hv; = el iv;. The vectors

i(2mk + 9j)7“>
Uj

) = Ny (12

form an orthonormal basis and satisfy
Dyag; = a;l (ei(27rk+9j)/N . 1) ar.
Consequently

4 2wk + 6
Dy Dyay; = — sin® (QNJ> agj-

T

The kernel consists of constant sequences in the invariant subspace of H. For £ = 0 and small

nonzero 0, the eigenvalue is
62 6
3,7 T O( 4 2) ’
N4q2 N%a2

which is the near-trivial-holonomy obstruction.

E.1 Mean and relative modes

For an untwisted sequence &,., the orthogonal decomposition
fr25+ﬁr, Z"?r:Oa
T

separates the holonomy/mean mode from relative modes. The closure term in equation (115)
controls the mean, while the cyclic difference controls 7. This is the precise linear mechanism
by which a holonomy closure potential repairs the zero mode without being mistaken for a
physical gauge-boson mass.

F Supplementary band and Feshbach estimates

F.1 Contour estimates for band projections

Let C1, Cy be self-adjoint operators and let I' be a contour contained in both resolvent sets.
The resolvent identity gives

(z=C1) ' = (z=Co) ' = (2= C1) H(CL — Ca) (2 — Ca) "

when the difference is bounded. Therefore their Riesz projections satisfy

I _ _
I - 1) < Wsup 2 — o) sup (= — )G - Cal.
T zel zell

For form perturbations the same conclusion follows after replacing operator-norm control
by norm-resolvent control. A uniform contour distance is therefore the quantitative datum
required to patch local completion bands.
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F.2 Dangerous-cluster reduction

Theorem F.1 (Finite-rank reduction with an error margin). Let F' = F* be bounded, let 11 be
finite rank, R =1 — 11, and assume

RFR>A~R,  ~v>0.

Define
F.p =IFII — IIFR(RFR) ' RFIL

Then F > 0 if and only if Fog > 0. If a model matric M = M™* satisfies
Ml R~ M| <e < p,
then Fog > (p— &)II > 0.

Proof. Apply completion of the square to the decomposition II'H & RH. The norm estimate
gives
Fog > M — ||Fer — M||IT > (p — e)I1.

O]

The theorem is algebraic. A Yang—Mills application must still construct II, prove the
remainder floor v, and obtain a model margin larger than its approximation error uniformly
in the regulator.

F.3 Derivative of a spectral projection

Suppose u +— C(u) is differentiable in norm resolvent and a contour I' isolates a band.
Differentiating the Riesz formula gives

OuIl(u) = 2%“ /F(z — C(u) " H0,C(w)(z — C(u) ! dz.
Hence r
[0uIT(w)]] < ‘271 Sup 1(z = C ()" H*|8uC ()]

These derivatives are the Berry/connection terms produced when a completion band varies
over the physical base. A complete effective-action theorem must prove that they are gauge
covariant and irrelevant or absorbed into the Yang—Mills connection rather than introducing
an additional physical field.

G RG verification ledger and reproducibility requirements

A proof of theorems 22.1 and 24.2 must expose every constant used to iterate the RG map. At
minimum, each step should provide a certificate containing;:

(V1) the block factor L, field-domain radii, and large-field regulator;

(V2) the gauge-fixing charts and quantitative Jacobian bounds;

(V3) norms of fluctuation covariances and their spatial decay;

(V4) extraction operators for all relevant and marginal gauge-invariant terms;

(V5) the derivative bounds entering (160);

(V6) the contraction factor ¢ < 1, the irrelevant exponent w, and the remainder in (161);
(V7)
(V8)

boundary and flux-sector uniformity;
reflection-positivity or transfer-operator compatibility;
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(V9) interval enclosures for every validated intermediate-coupling computation;
(V10) a machine-readable list of rational upper and lower bounds from which the claimed
inequalities can be rechecked independently.
Numerical evidence can guide the intermediate-coupling analysis but cannot replace a
theorem. A validated computation is admissible only when analytic truncation errors and
floating-point rounding are enclosed rigorously and when the finite calculation is linked to the

infinite-dimensional polymer bounds.

H No-circularity and proof-status ledger

Table 3: Dependency and proof-status ledger.

Statement

Status

Exact role

Quaternionic rank-three

Proved under

Selects a local spatial carrier; no gap follows.

readout explicit
hypotheses
Spin-factor Lorentz cone Conditional Reconstructs observer-level causal geometry;

theorem under
record-cone

no matter dynamics follows.

hypotheses
Finite-regulator transfer Proved Supplies the diagnostic T, Hy, {2, and
and vacuum OS process reflection positivity at fixed cutoff.
Exact completion Proved at Supplies Hfﬁo, HP TP QP without a
Schrodinger regulator fixed cutoff log—Strang identification.
Exact interruption Proved Defines covariant interruption and rules out
identity and twisted the bare Fourier shortcut.
spectrum
Hard-window Disproved Fails on the transported vacuum line.
unpunctured mixing
Punctured hard-window Proved Converts three explicit estimates into a
implication conditionally finite-regulator gap.
Frozen linear completion  Proved Both relative and holonomy tangent
stiffness stiffnesses diverge for equation (21); no

nonlinear band follows.

Slow—fast form Theorem Connects the exact global Hamiltonian to the
disintegration target local completion fibers and their cross forms.
Nonlinear local Theorem First decisive DTT-specific uniform estimate.
completion band and targets
conditional fast Poincaré
Berry/Born-Huang Theorem Prevents the fast band from generating an
control target additional finite-energy field.
Exact-vacuum global Theorem Produce a four-dimensional low-energy
band and form-level targets effective theory without bounded-block
adiabatic elimination assumptions.
Universality—coercivity Theorem Must combine a diverging fast gap with
scaling window and targets vanishing non-Yang-Mills corrections.

controlled effective action
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Statement Status Exact role

Scale-uniform lattice Theorem Local nonabelian rigidity.

flatness and block targets

Poincaré

One-step RG and Theorem Construct asymptotically free continuum
ultraviolet trajectory targets tuning.

RG crossover and massive Theorem Central four-dimensional infrared theorem.
clustering targets

Uniform global Poincaré  Theorem Gives the regulator-uniform physical gap.
inequality target

Continuum OS limit and  Theorem Construct the continuum theory and transfer
Mosco convergence targets the gap.

Auxiliary invisibility and ~ Theorem Remove completion scaffolding and identify
intrinsic YM identification targets pure Yang—Mills.

Final mass-gap statement

Not asserted

Follows only after all preceding targets are

proved.

H.1 No-circularity checklist

A claimed completion must answer each question affirmatively with a theorem and proof:

(NC1
(NC2
(NC3
(NC4
(NC5
(NC6
(NC7
(NC8
(NC9

(NC11

)
)

)
)
)
)
)
)
)
)
)

Is the physical scale fixed independently of the desired gap?

Is the bare trajectory derived from a renormalized observable rather than postulated?
Is the exact global Hamiltonian connected to the local fast fibers by a proved form
disintegration?

Is the completion band proved uniformly rather than read from a bare Fourier frequency?
Is the transported vacuum handled exactly?

Are gauge, compact phase, observation filtering, and Lorentz symmetry kept distinct?
Are Berry and Born—Huang contributions proved absent, scalar, or irrelevant?

Is the effective action shown to remain in the Yang—Mills universality class?

Is the RG trajectory controlled through intermediate coupling?

Is the continuum functional nontrivial, local, and OS positive?

Are all auxiliary holonomy and winding observables removed from the physical net?

(NC12) Is Yang-Mills identification intrinsic rather than definitional?
A negative answer is a missing theorem, not an editorial omission.
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Manuscript form. This umbrella preprint preserves the full proof dependency graph. For
specialist journal review, the completed finite-regulator, vacuum-obstruction, punctured-
reduction, exact-Hamiltonian, and form-Feshbach results are extracted into the companion
manuscript Vacuum Obstructions and Quadratic-Form Feshbach Reduction in Auxiliary-

Time Lattice Gauge Hamiltonians.

References

1]

Mohamed Haj Yousef. Symmetric completion order and Lorentzian chronogeometry:
Record volume, soldering, and a constraint-relative SMM/DTT reconstruction. Research
manuscript, third revised version, September 2026.

Mohamed Haj Yousef. Quaternionic rank-three readout, Hopf geometry, and a free
symmetric—exterior reconstruction functor. Research manuscript, version 9, 2026.

Mohamed Haj Yousef. Compact symmetry, invariant quadratic forms, and the separation
of phase and causal structures. Research manuscript, 2026.

Mohamed Haj Yousef. Commutants, carrier algebras, and symmetry-induced complexifi-
cation on real Hilbert spaces. Research manuscript, 2026.

Mohamed Haj Yousef. Symmetry-induced complex structure and the kinematical core of
quantum theory. Research manuscript, 2026.

Mohamed Ali Haj Yousef. Observable time, psychophysical symmetry, and the Record
Criterion: Projection, completion, and the dual-role interpretation of temporality. Research
manuscript, 2026.

Mohamed Haj Yousef. Temporal topology and geometric symmetry breaking in a dual-time
gauge framework. Research manuscript, December 2025.

Mohamed Ali Haj Yousef. The origin of inertia from temporal projection: A Duality of
Time Theory approach. Research manuscript, September 2025.

Jacques Faraut and Adam Koranyi. Analysis on Symmetric Cones. Oxford University
Press, 1994.

C. N. Yang and R. L. Mills. Conservation of isotopic spin and isotopic gauge invariance.
Physical Review, 96:191-195, 1954. doi:10.1103/PhysRev.96.191.

Kenneth G. Wilson. Confinement of quarks. Physical Review D, 10:2445-2459, 1974.
doi:10.1103 /PhysRevD.10.2445.

John Kogut and Leonard Susskind. Hamiltonian formulation of Wilson’s lattice gauge
theories. Physical Review D, 11:395-408, 1975. doi:10.1103/PhysRevD.11.395.

David J. Gross and Frank Wilczek. Ultraviolet behavior of non-Abelian gauge theories.
Physical Review Letters, 30:1343-1346, 1973. doi:10.1103/PhysRevLett.30.1343.

H. David Politzer. Reliable perturbative results for strong interactions? Physical Review
Letters, 30:1346-1349, 1973. doi:10.1103/PhysRevLett.30.1346.

William E. Caswell. Asymptotic behavior of non-Abelian gauge theories to two-loop order.
Physical Review Letters, 33:244-246, 1974. doi:10.1103/PhysRevLett.33.244.

72


https://doi.org/10.1103/PhysRev.96.191
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.11.395
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1346
https://doi.org/10.1103/PhysRevLett.33.244

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[24]

[25]

[27]

[28]

[29]

[30]

D. R. T. Jones. Two-loop diagrams in Yang—Mills theory. Nuclear Physics B, 75:531-538,
1974. doi:10.1016/0550-3213(74)90093-5.

Gerard 't Hooft. A property of electric and magnetic flux in non-Abelian gauge theories.
Nuclear Physics B, 153:141-160, 1979. doi:10.1016/0550-3213(79)90465-6.

Konrad Osterwalder and Robert Schrader. Axioms for Euclidean Green’s functions.
Communications in Mathematical Physics, 31:83-112, 1973. doi:10.1007/BF01645738.

Konrad Osterwalder and Robert Schrader. Axioms for Euclidean Green’s functions II.
Communications in Mathematical Physics, 42:281-305, 1975. doi:10.1007/BF01608978.

Konrad Osterwalder and Erhard Seiler. Gauge field theories on a lattice. Annals of
Physics, 110:440-471, 1978. doi:10.1016,/0003-4916(78)90039-8.

Martin Liischer. Construction of a self-adjoint, strictly positive transfer matrix for
Euclidean lattice gauge theories. Communications in Mathematical Physics, 54:283-292,
1977. doi:10.1007/BF01614090.

Pietro Menotti and Andrea Pelissetto. General proof of Osterwalder—Schrader positivity
for the Wilson action. Communications in Mathematical Physics, 113:369-373, 1987.
doi:10.1007/BF01221251.

Martin Liischer and Peter Weisz. Two-loop relation between the bare lattice coupling and
the MS coupling in pure SU(N) gauge theories. Nuclear Physics B, 452:234-260, 1995.
doi:10.1016/0550-3213(95)00338-S.

David C. Brydges, Jiirg Frohlich, and Erhard Seiler. On the construction of quantized
gauge fields. I. General results. Annals of Physics, 121:227-284, 1979. doi:10.1016,/0003-
4916(79)90098-8.

David C. Brydges, Jiirg Frohlich, and Erhard Seiler. Construction of quantised gauge
fields. II. Convergence of the lattice approximation. Communications in Mathematical
Physics, 71:159-205, 1980. doi:10.1007/BF01197918.

David C. Brydges, Jiirg Frohlich, and Erhard Seiler. Construction of quantised gauge
fields. III. The two-dimensional Abelian Higgs model without cutoffs. Communications in
Mathematical Physics, 79:353-399, 1981. doi:10.1007/BF01208500.

Tadeusz Balaban.  Propagators and renormalization transformations for lattice
gauge theories. II.  Communications in Mathematical Physics, 96:223-250, 1984.
doi:10.1007/BF01240221.

Tadeusz Balaban. Spaces of regular gauge field configurations on a lattice and
gauge fixing conditions. Communications in Mathematical Physics, 99:389-434, 1985.
doi:10.1007/BF01240355.

Tadeusz Balaban. Renormalization group approach to lattice gauge field theories. I.
Generation of effective actions in a small field approximation and a coupling constant
renormalization in four dimensions. Communications in Mathematical Physics, 109:249—
301, 1987. doi:10.1007/BF01215223.

Tadeusz Balaban. Renormalization group approach to lattice gauge field theories.
II. Cluster expansions. Communications in Mathematical Physics, 116:1-22, 1988.
doi:10.1007/BF01239022.

73


https://doi.org/10.1016/0550-3213(74)90093-5
https://doi.org/10.1016/0550-3213(79)90465-6
https://doi.org/10.1007/BF01645738
https://doi.org/10.1007/BF01608978
https://doi.org/10.1016/0003-4916(78)90039-8
https://doi.org/10.1007/BF01614090
https://doi.org/10.1007/BF01221251
https://doi.org/10.1016/0550-3213(95)00338-S
https://doi.org/10.1016/0003-4916(79)90098-8
https://doi.org/10.1016/0003-4916(79)90098-8
https://doi.org/10.1007/BF01197918
https://doi.org/10.1007/BF01208500
https://doi.org/10.1007/BF01240221
https://doi.org/10.1007/BF01240355
https://doi.org/10.1007/BF01215223
https://doi.org/10.1007/BF01239022

[31]

32]

[33]

[34]

[43]

[44]

[45]

Herman Feshbach. Unified theory of nuclear reactions. Annals of Physics, 5:357-390,
1958. doi:10.1016/0003-4916(58)90007-1.

Stefan Knabe. Energy gaps and elementary excitations for certain VBS-quantum antifer-
romagnets. Journal of Statistical Physics, 52:627-638, 1988. doi:10.1007/BF01019721.

Bruno Nachtergaele. The spectral gap for some spin chains with discrete sym-
metry breaking. Communications in Mathematical Physics, 175:565-606, 1996.
doi:10.1007/BF02099509.

Dorit Aharonov, Itai Arad, Zeph Landau, and Umesh Vazirani. The detectability lemma
and quantum gap amplification. In Proceedings of the 41st ACM Symposium on Theory
of Computing, pages 417-426, 2009. arXiv:0811.3412.

David Gosset and Evgeny Mozgunov. Local gap threshold for frustration-free spin systems.
Journal of Mathematical Physics, 57:091901, 2016. doi:10.1063/1.4962337.

Umberto Mosco. Convergence of convex sets and of solutions of variational inequalities.
Advances in Mathematics, 3:510-585, 1969. doi:10.1016,/0001-8708(69)90009-7.

Kazuhiro Kuwae and Takashi Shioya. Convergence of spectral structures: A functional
analytic theory and its applications to spectral geometry. Communications in Analysis
and Geometry, 11:599-673, 2003.

Barry Simon. Holonomy, the quantum adiabatic theorem, and Berry’s phase. Physical
Review Letters, 51:2167-2170, 1983. doi:10.1103/PhysRevLett.51.2167.

Frank Wilczek and A. Zee. Appearance of gauge structure in simple dynamical systems.
Physical Review Letters, 52:2111-2114, 1984. doi:10.1103/PhysRevLett.52.2111.

Mohamed Haj Yousef. Duality of Time and emergent gauge structure from inner-time
spectral geometry. Research manuscript, 2026.

Tosio Kato. Perturbation Theory for Linear Operators. Springer, reprint of the second
edition, 1995.

Michael Reed and Barry Simon. Methods of Modern Mathematical Physics IV: Analysis
of Operators. Academic Press, 1978.

Brian C. Hall. Lie Groups, Lie Algebras, and Representations: An Elementary Introduction.
Springer, second edition, 2015.

Dale Husemoller. Fibre Bundles. Springer, third edition, 1994.

James Glimm and Arthur Jaffe. Quantum Physics: A Functional Integral Point of View.
Springer, second edition, 1987.

Erhard Seiler. Gauge Theories as a Problem of Constructive Quantum Field Theory and
Statistical Mechanics. Springer Lecture Notes in Physics 159, 1982.

Arthur Jaffe and Edward Witten. Quantum Yang—Mills theory. In James Carlson, Arthur
Jaffe, and Andrew Wiles, editors, The Millennium Prize Problems, pages 129-152. Clay
Mathematics Institute and American Mathematical Society, 2006.

Mohamed Haj Yousef. Real-commutant phase selection from real Hilbert representations.
Physics Letters A, 594:132085, 2026. doi:10.1016/j.physleta.2026.132085.

74


https://doi.org/10.1016/0003-4916(58)90007-1
https://doi.org/10.1007/BF01019721
https://doi.org/10.1007/BF02099509
https://doi.org/10.1063/1.4962337
https://doi.org/10.1016/0001-8708(69)90009-7
https://doi.org/10.1103/PhysRevLett.51.2167
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1016/j.physleta.2026.132085

[49]

[50]

Mohamed Haj Yousef. Completion principles, Real commutants, and positive-frequency
geometry for orthogonal Hilbert representations. Open Journal of Mathematical Sciences,
10:996-1012, 2026. doi:10.30538/0ms2026.0328.

Mohamed Haj Yousef. Dual-time topological geometry and the emergence of
temporal asymmetry in non-equilibrium dynamics. Mathematics, 14(5):853, 2026.
doi:10.3390/math14050853.

Glen E. Bredon. Introduction to Compact Transformation Groups. Academic Press, 1972.

Karen K. Uhlenbeck. Connections with LP bounds on curvature. Communications in
Mathematical Physics, 83:31-42, 1982. doi:10.1007/BF01947068.

Herm Jan Brascamp and Elliott H. Lieb. On extensions of the Brunn—Minkowski and
Prékopa—Leindler theorems, including inequalities for log concave functions, and with an
application to the diffusion equation. Journal of Functional Analysis, 22:366-389, 1976.
doi:10.1016,/0022-1236(76)90004-5.

Barry Simon. Functional Integration and Quantum Physics. Academic Press, 1979.

Michael Reed and Barry Simon. Methods of Modern Mathematical Physics II: Fourier
Analysis, Self-Adjointness. Academic Press, 1975.

Stefan Teufel. Adiabatic Perturbation Theory in Quantum Dynamics. Springer Lecture
Notes in Mathematics 1821, 2003.

Roman Kotecky and David Preiss. Cluster expansion for abstract polymer models.
Communications in Mathematical Physics, 103:491-498, 1986. doi:10.1007/BF01211762.

75


https://doi.org/10.30538/oms2026.0328
https://doi.org/10.3390/math14050853
https://doi.org/10.1007/BF01947068
https://doi.org/10.1016/0022-1236(76)90004-5
https://doi.org/10.1007/BF01211762

	Introduction, completed results, and proof boundary
	Main results and novelty boundary
	Technical independence from the DTT interpretation
	Scope of this umbrella preprint
	The exact endpoint
	What is proved here
	What remains to be proved
	Main conditional implication
	Dependency map
	Organization

	I Structural background and exact finite-regulator theory
	Formal architecture, symmetry levels, and source discipline
	Outer time and auxiliary time
	Four non-equivalent symmetry layers
	Observation as a symmetry filter
	Permitted logical moves
	Dependency order

	Quaternionic rank-three record geometry
	Algebraic and record hypotheses
	Metric, orientation, and the direction sphere

	Compact symmetry, Real commutants, and causal separation
	Real isotypic blocks and carrier algebras
	Compact phase symmetry cannot itself be Lorentzian

	Protected spectral bundles, Kato holonomy, and band-role separation
	Symmetric completion order and Lorentzian outer-record geometry
	Frozen group data, regulator family, sectors, and scale
	Compact simple-Lie-algebra gauge groups
	Physical scale and the diagonal regulator sequence
	A precise two-loop reference bare-coupling sequence
	Frozen auxiliary fast-sector scaling
	Spatial boundary and flux sectors
	Exact order of operations and limits

	Finite-regulator heat-kernel transfer theory
	Slice lattice, variables, and gauge action
	The frozen kinetic and potential coefficients
	Gauge-invariant Hilbert space and heat kernel
	Transfer operator, vacuum, and Hamiltonian
	Physical normalization on the zero-mixed stratum

	Vacuum process, auxiliary neutrality, and common-space mixed energy
	Ground-state transform
	Auxiliary translation and the neutral candidate sector
	The multiplication spectral window

	Holonomy stratification, zero sets, and finite-block diagnostics
	Mixed plaquettes as covariant differences
	Auxiliary axial gauge and holonomy strata
	Holonomy-twisted fiber spectrum
	Local zero spaces versus quantum ground spaces
	Both low and high windows contain vacuum weight

	Inner-time coherence, flow interruption, and projection-generated inertia
	The covariant interruption defect
	Interruption is not breaking of the gauge symmetry
	Projected inertia as residual symmetry-restoration cost

	Vacuum-compatible Feshbach reduction
	The transported vacuum line
	The exact obstruction
	The corrected punctured implication
	Symmetry covariance of the punctured Feshbach map


	II Completion-band redesign
	From the hard-window obstruction to a spectral-band regulator
	Gauge-invariant holonomy closure
	Design criteria for the new low-energy decomposition

	Local completion Hamiltonians
	Orbit types and stratified gauge quotients
	Blocks, base variables, and completion fibers
	Gauge and regulator symmetry
	Ground bands

	Coherent histories and the interruption normal form
	The coherent completion set
	A proved linearized stiffness theorem
	Nonlinear normal-form target
	An abstract perturbative normal-form lemma

	Local transverse spectral bands
	Fixed-regulator band projections
	IMS localization
	The nonlinear completion-band theorem

	Global completion band and gauge-compatible patching
	The commuting benchmark
	Almost-projections

	Adiabatic Schur–Feshbach elimination
	A block-operator theorem
	Vacuum compatibility

	The effective four-dimensional gauge theory
	Exact gauge invariance after auxiliary integration
	Quasi-local expansion
	The extensive closure term and its local polymer norm


	III The open nonabelian and continuum completion program
	Gauge-fixed block geometry
	A fixed-combinatorial-block flatness estimate

	Local gauge-invariant Poincaré inequalities
	Ground-state-transformed local forms
	Near and far regions
	Abstract local-to-global variance decomposition

	Gauge-covariant multiscale renormalization
	Block scales and fields
	Polymer norms
	One-step map

	The asymptotically free trajectory
	Renormalized coupling condition
	Optional inner-spectrum matching functionals
	Dimensional transmutation

	Crossover to a massive infrared domain
	Three-regime proof strategy

	Massive-domain clustering
	Uniform global gap

	IV Continuum construction and intrinsic identification
	A countable gauge-invariant observable core
	Wilson-loop generators
	Bounded curvature generators

	Convergence of Schwinger functionals
	Restoration of four-dimensional Euclidean covariance

	Comparison spaces, Mosco convergence, and gap transfer
	Auxiliary invisibility
	A general spectral decoupling lemma

	Intrinsic Yang–Mills identification
	Small-loop curvature reconstruction
	An abstract core-identification theorem

	Publication status and consolidated completion program
	Consolidated program requirements
	Conditional endpoint theorem
	Exact status
	Shortest noncircular proof-production order
	Falsifiers
	Conclusion

	Notation, scales, and operator roles
	Dimensions and normalization
	Claim-status symbols

	Global forms and flux labels for all simple Lie algebras
	Finite-period trace states and the vacuum process
	Projection-inertia Schur module
	Twisted Fourier and linear completion calculations
	Mean and relative modes

	Supplementary band and Feshbach estimates
	Contour estimates for band projections
	Dangerous-cluster reduction
	Derivative of a spectral projection

	RG verification ledger and reproducibility requirements
	No-circularity and proof-status ledger
	No-circularity checklist



