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Abstract

We develop a self-contained conditional reconstruction of gauge structure from generative
histories and completed records in the Single Monad Model (SMM) and Duality of Time
Theory (DTT). Two necessity results organize the argument. Independently unframed
endpoint structures cannot supply a nonzero natural faithful comparator. Moreover, a
predictively sufficient completion cannot erase history transports distinguishable by admitted
future interference tests. Retained comparisons consequently obey the gauge-link law, and a
smooth local limit yields a connection. Coherent invariant sewing, stated separately from
frame twirling, projects internal amplitudes onto the Gauss sector.

An associative norm-composing noncommutative source is quaternionic. A specified
minimal regular recurrence supplies a seven-state clock and a polar complex triplet; scalar
extension of a real doubled cut supplies a compatible doublet. Retention of a global product-
volume tensor selects S(U(3) x U(2)). We prove the relevant phase, erasure, shared-reference,
and curvature-accessibility boundaries explicitly.

Two microscopic completion models provide calculated interactions without bare plaquette
terms. A compact-rotor model yields exact leading simple-cycle coefficients and a thermal-
normalizability obstruction when circulating flux has no penalty. A non-Abelian singlet-return
model gives the fourth-order loop coefficient k., = 2t} /(mA32)) in each retained block. Its
quantized links with an explicit positive electric Laplacian form an autonomous finite-volume
gauge model. The leading two-block response obeys k1 = 12k3 + 18k4; an independent
central invariant diagnoses departures from this restricted class. Neither Hamiltonian is
asserted to follow uniquely from the bare temporal ontology.

For dimension formation we give arbitrary-dimensional countermodels, a source-to-
displacement growth criterion, a diffusion and completion-delay test, and the conditional
four-dimensional constraint from pointlike electric and magnetic sources. A separately stated
even exterior completion reconstructs one Standard Model generation plus a neutral singlet,
its hypercharges, and the displayed anomaly cancellations. Spin, family multiplicity, and
physical chirality are kept distinct. Established phase-selection, transport, loop-generation,
and unification mathematics are credited; the contribution is their explicit temporal-record
interface, constructive dynamics, and joint quantitative tests. Deriving the microscopic
update, spatial continuum, chiral field theory, and observed parameters remains necessary
before claiming a derivation of the Standard Model or empirical identification of SMM/DTT.
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1 Scope, assumptions, and independent reconstruction branches

The question is whether completed temporal records can be compared without gauge transport,
and which transport structures their retained data permit. We prove a structural-data-only
comparison obstruction and derive the gauge-link law from faithful relational comparison. We
then identify what the source clock can and cannot generate. The common source of SMM and
inner/outer ordering of DTT motivate the interfaces; the operational record principles, source
class, completion controls, and physical comparison penalties are displayed explicitly.

The dependencies branch rather than form one chain:

source class + minimal regular clock = H, N =7, Fs, (1)

real marked cut + scalar extension = FEjs, r7, (2)

record map + retained global tensor = Ggec, (3)
unframed records + faithful comparison = C,, V, (4)
future-test sufficiency + coherent histories = retained transport, (5)
invariant amplitude sewing = Gauss sector, (6)

specified virtual-transfer Hamiltonian = calculated loop energy, (7)
displacement /duality hypotheses = conditional dimension tests, (8)

3 + 2 carrier + M1-M4 = one generation + singlet. (9)

The source ratio does not follow from the gauge group, and a connection alone does not imply a
propagating force. The added microscopic models compute a force-generating loop energy only
after their Hamiltonians are specified. The synthesis in Theorem 23.1 states the combined result
and its exact dependencies. The paper is comprehensive about these interfaces, rather than an
assertion that every missing physical principle has been derived.

1.1 Conditional reconstruction statement

Theorem 1.1 (Finite source, phase-compatible interface, and record-frame stabilizer). Assume
the source axioms of Section 4, a seven-state reqular marked clock obtained by the declared minimal
quadrature rule, and its real doubled cut. Extend the real defect module through Cy = {al + bJ}
after J is selected on the nonfized source sector. Assume independent standard-form selector
mizing, the auxiliary phase register of Section 7.2, and absence of an additional designated right
polarization. For smooth carrier bundles assume that a global unit tensor in det E3 ® det Ey is
retained and patched compatibly. Then:

(i) the source is quaternionic, the recurrence has order seven, and the carriers have complex
ranks three and two;

(1) the source chord response and real doubled-defect gap are 2sin(w/7) and one, respectively;
they are not the same kind of spectral separation;

(iii) the retained carrier algebra is Ms(Cy) @& Ma(Cy), with auziliary record registers kept
separate;

(iv) the unitary stabilizer of the splitting and total tensor is Gee = S(U(3) x U(2));

(v) connections compatible with this retained tensor have trivial total-determinant holonomy
on all loops;

(vi) the common-normalization finite-source response is r7 = [2sin(mw/7)] 1.



These conclusions concern the declared model. Their selection as physical laws, global tensor
descent, and the absence of preferred retained frames are independent assumptions. Full holonomy
requires suitable curved connections on a base of dimension at least two and is not an automatic
conclusion of the finite clock.

The proofs are distributed through the following sections. Section 2 restates the relevant
published completion, real-commutant, and dual-time foundations [9, 10, 11]. Their hypotheses
are explicit, and no unpublished article is required to interpret a construction or complete a
proof. The source-selection, record-tensor, graph, matter, and Hamiltonian inputs below are
additional to those published results.

1.2 Established ingredients and the specific contribution

The contribution is a concrete reconstruction with a computed dynamical extension. General
gauge redundancy, positive-frequency phase selection, Berry curvature, transport functors, Haar
projection, ring exchange, and the exterior representation of one generation are established
mathematics and physics. The present model makes their temporal interfaces explicit and states

which additional physical choices each interface uses.

Question Established input Result or construction developed
here
Why retain transport? Completed-future quotients Interference tests obstruct endpoint-

What fixes the scalar
phase?

What fixes the group?

What selects Gauss

states?

Can the source sup-
port curvature?

Can loops acquire en-
ergy?

What is predicted?

[9] and transport functors [32].

Real commutants and polar
selection [10, 25].

Unitary stabilizers of retained
tensors.

Haar projection and Hamilto-
nian gauge theory [14].

Berry—Wilczek—Zee and uni-
versal connection geometry

[12, 16, 6).

Virtual gauge-matter loop
methods [36, 37].

Polar-overlap and Wilson com-
parison [7, 13, 8].

only completion; independent end-
point structures obstruct a faithful
natural comparator.

Their explicit clock realization, raw-
cut obstruction, and compatible de-
fect extension.

A specified 3+ 2 record algebra and
global product-volume reference se-
lect the determinant-linked group;
changing retained tensors changes
it.

A precise coherent sewing premise,
with a counterexample to deriv-
ing singlets from density-matrix
twirling.

Flatness of bare source-frame vari-
ation; rank-twelve accessibility in a
declared source-preserving comple-
tion class.

Self-contained rotor coefficients,
circulation-normalizability obstruc-
tion, and a non-Abelian singlet
model with an explicit 3 + 2 fourth-
order coefficient.

Source ratios, finite-record laws,
leakage bounds, microscopic loop
scaling, and a central-stiffness resid-
ual with a specified correction class.



Can dimension be re- Growth and diffusion diagnos- An arbitrary-dimensional clock

constructed? tics; electric/magnetic form- countermodel, an operational
degree counting [35]. displacement criterion, and a
conditional dual point-source

constraint.

Can one generation be  Even exterior / half-spin pack- Conditional reuse of the temporal

recovered? aging [1, 2]. carrier, explicit charges and anoma-
lies, and separation of spin, color,
and family multiplicity.

Historical priority is not asserted for each elementary lemma or for the general loop mechanism.
The reproducible contribution is the specified source/completion model and the combination
of its necessity boundaries, constructive loop coefficient, and simultaneous tests. Its strongest
new dynamical step relative to a pure transport construction is Theorem 18.1, which derives a
loop energy from stated hopping and completion penalties instead of assigning that energy to a
comparison statistic.

2 Published foundations: histories, selected phase, and comple-
tion

The mathematical starting point is the published completion and real-commutant framework [9],
its focused phase-selection development [10], and the dual-time treatment of reduced dynamics
[11]. We restate the ingredients used here so that no unpublished construction is needed. The
words inner and outer designate generative and completed-observable roles. They do not
introduce a second Lorentzian time coordinate. A compact recurrence is one possible inner
realization; a continuous flow and a finite cyclic clock are different objects until an interpolation
or sampling rule is supplied.

2.1 A mathematical dictionary

Term Definition used in this paper

Generative history A composable process fragment acting on a state or carrying an
amplitude between boundary records.

Completed record A selected output sufficient for a specified family of future tests;
its sufficiency is relative to those tests.

Inner phase An orthogonal complex structure J selected by an oriented real
flow on its nonzero-frequency sector.

Gauge transport A norm- and tensor-preserving isomorphism between retained
fibers, with independent changes of their presentations.

Gauge dynamics A Hamiltonian or action for physically variable transport and its
conjugate variables; this is additional to a frame-change law.

Spatial dimension A large-scale property of an operational record network and its
displacement and diffusion laws, not a carrier rank.

Microscopic comple- An explicitly specified Hamiltonian and retained sector. Showing

tion model that such a model implements an interface is an existence result;
selecting it from SMM/DTT is a further problem.




2.2 Behavioral completion and the direction of implication

Let a monoid H act on a set X, let Q) : X — R be a completion map, and let O be record tests. A
test has the form z +— o(Q(hz)), with h in a specified class of admissible future histories. Define

r~y <= o(Q(hz)) =o0(Q(hy)) for every admissible (h,o0). (10)

The tests can be probabilities rather than deterministic outcomes. Equality then means equality
of the complete predicted probability distributions.

Proposition 2.1 (Predictively sufficient completion). The relation (10) is the coarsest equiva-
lence relation preserving all declared future tests. A proposed record map q : X = Y is sufficient
for them only if q(z) = q(y) implies x ~ y. If the future-history class is closed under right
composition by an update k, then x ~ y implies kx ~ ky, and that update descends to the
behavioral quotient.

Proof. Each test defines a kernel equivalence relation. Their intersection is an equivalence
relation and contains every equivalence preserving all the tests. Sufficiency of ¢ requires every
test to factor through it, which gives the stated implication. Finally a test of kx is a test of
with future history hk; closure makes it one of the tests already included. O

This elementary result is the completion principle of [9] in the form needed below. It does
not select @, the tests, or a Hilbert space. Its force is an exclusion rule: a record that discards a
distinction detectable by an admitted future experiment is not complete.

Proposition 2.2 (A group quotient cannot erase its descended inverse). Suppose a group
acts on X and every group element descends through a surjective map q. FEvery descended
transformation is invertible. Consequently noninjectivity of q alone does not produce irreversible
quotient dynamics from an action whose inverses also descend.

Proof. The descended actions satisfy hh~! = € = id and h-'h = id. They are mutual
inverses. O

Thus irreversible completion must restrict the admissible updates to a semigroup, fail to
preserve inverse descent, discard an environment, or introduce an operational projection. This
qualification is essential when using the quotient language: one must not infer irreversibility
merely from a many-to-one observation map. For example, the shift on a two-sided sequence is
invertible, while forgetting its past allows the forward one-sided shift to descend and prevents
its inverse from descending.

2.3 Real phase selection, with its zero-mode boundary

Let U(s) be a real orthogonal representation on a finite-dimensional real Hilbert space Vg. Its
real commutant is
Ar ={T € Endr Vg : TU(s) = U(s)T Vs}.

A compatible phase is J € Ag with J* = —J and J? = —I. On the complexification, precisely
the operators commuting with its canonical conjugation are complexifications of real operators.
This identifies the real commutant with the conjugation-fixed part of the complex commutant.
Compatible phases are therefore an intrinsic set of skew-adjoint square roots of —I, before any
phase is selected [9, 10].

Theorem 2.3 (Polar phase of an oriented real flow). Let A* = —A generate U(t) = e!*. On
Vayn = (ker A)L, put B = (—A2)'/2. Then

J=AB™!, J? =1, J*=—J, A=JB=BJ.

It is the unique orthogonal complex structure in the factorization A = J|A|. Reversing A reverses
J. A zero mode has no phase selected by this construction.



Proof. A commutes with B by spectral calculus and B is positive and invertible on the stated
sector. Hence J?2 = A’B~2 = —] and J* = —B~!'A = —J. The factorization determines J
uniquely there. At A =0 it gives no information about a square root of —1I. O

The published flow theorem also handles unbounded skew-adjoint generators and continuous
spectrum at zero, with a bounded polar phase on the orthogonal complement of the kernel [10].
The finite proof above suffices for the clock and auxiliary models in this paper. The positive-
frequency construction has substantial antecedents in real quantum mechanics [23, 24, 25]; its
role here is to fix the order in which real dynamics, phase, and complex transport enter the
reconstruction.

The selected J makes (a + ib)v = av + bJv. A real orthogonal comparator T : V,, — V,, is
complex-linear exactly when T'J, = J,T. Thus complex gauge comparison becomes meaningful
after phase selection. That does not require a compact inner circle: many nonperiodic real flows
select a J as well.

Proposition 2.4 (Phase does not select an energy scale or spectrum). For a fized orthogonal
complex structure J, every positive invertible self-adjoint B commuting with J gives a skew-
adjoint generator A = JB with the same polar phase J. Conversely every generator with this
polar phase has that form. Neither J nor its compatible unitary group fizes B, a spectral gap, a
hopping strength, or a gauge coupling.

Proof. (JB)* = —JB, —(JB)? = B2, and hence |JB| = B. The converse is the polar factoriza-
tion. Changing B leaves J unchanged and changes its positive frequencies arbitrarily within the
commuting class. O

2.4 Composite systems require phase balance

If Vg and Wx have phases Jy, Jyy, their raw real tensor product carries two generally different
phase actions. Ordinary complex composition requires the balancing relation

(Jyv) @w =v® (Jyw).

Equivalently retain the range of the orthogonal projector
1
Pra = 5(1 —Jv @ Jw). (11)

Indeed (Jy ® Jyw )% = I, and on its —1 eigenspace the two phase actions agree. If the complex
dimensions are m,n, this range has real dimension 2mn, the real dimension of Vg ®c We.
Multiplying the projected elementary real tensor by v/2 gives the usual product-norm convention.
All composite Hilbert spaces below use this selected complex tensor product. This is a composition
assumption, not a consequence of the one-particle polar theorem; network tests can depend on it
[10, 26].

2.5 Exact reduction: what completion can hide

Let C : H — Hyee be a coisometry, CC* = I, and write P = C*C. Let U(t) = e "1/" for a
finite-dimensional self-adjoint H. Define the compressed evolution 7'(t) = CU(t)C*.

Theorem 2.5 (Closure and the missing-record response). The compressed family is a unitary
group for all real t if and only if [P, H] = 0. In general,

I—T(t)*T(t) = CU{#)*(I — P)U(t)C*, (12)
I —T@)*T(t) = ;;CH(I — P)HC* + O(). (13)



Proof. Use CC* =1 and C*C = P to obtain the first identity. Its quadratic form is the squared
norm of (I — P)U(t)C*. If T(t) is unitary for every ¢, that norm vanishes and Ran P is invariant
under both U(t) and U(—t), hence reducing. Differentiation gives [P, H] = 0. Conversely a
reducing subspace carries the restricted unitary group. Expansion of the missing amplitude gives

(I — P)U(t)C* = —it(I — PYHC*/h + O(t?), which proves the second formula. O

Compression of amplitudes is not automatically a trace-preserving quantum channel. An
environment, noise, or a specified measurement instrument is needed when that interpretation
is intended. In particular a nonunitary amplitude reduction is not by itself a particle-creation
calculation.

Writing a linear evolution in retained and hidden components gives a self-contained memory
formula. For constant bounded blocks,

&= Lppr+ Lpqy, Y= Lorr+ Lqqy,

variation of constants yields exactly
¢
i(t) = Lppx(t) + Lpge'eQy(0) +/ LpgetLeq Lypu(s) ds. (14)
0

Thus a local enlarged evolution produces a nonlocal reduced equation. This is the elementary
block form of projection-based memory methods [27, 28, 29] and connects to the dual-time
representation of memory in [11]. Dissipation needs its own stability or bath assumptions;
complete positivity is a separate condition [30, 31].

2.6 Three distinct obstructions

Temporal path dependence, retained-fiber curvature, and reduced memory are different quantities.
For two supplied temporal connections,

]:st = 85~At - 8t-As + [ASu At]

Vanishing Fg gives local flat transport on a simply connected patch; it does not lower a two-
dimensional parameter manifold to one dimension. Nonzero curvature makes contractible loop
transport depend on loop geometry, not just on ordinary homotopy class. To obtain a spacetime
gauge field from temporal curvature one needs a physical map of record paths into this temporal
construction and compatible retained representations. No such map follows just from the use of
the word connection.

The memory kernel in (14) can be nonzero in a model with no spatial connection at all.
Conversely a smoothly varying protected subspace can have gauge curvature under unitary
adiabatic transport. On symplectic one-particle scattering spaces the antilinear part is g =
%(T + JowtT'Jin); B = 0 is phase compatibility, not flatness. Particle-number interpretations
additionally require a Fock representation and the usual implementability conditions. These
distinctions prevent an irreversibility argument from being mistaken for a derivation of Yang—Mills
curvature.

3 Operational core and a non-circular necessity theorem

The relevant necessity is not that every physical description must use redundant potentials. A
formulation in terms of relational transport or closed-loop observables may be gauge invariant
throughout. The claim is that records with unobservable local internal frames cannot be
compared faithfully without transport data equivalent to a gauge connection. This section
derives that structure before invoking a differential connection or a gauge-field action.

10



3.1 What follows from SMM/DTT and what is added

The SMM common-source hypothesis motivates a common compositional origin. DTT distin-
guishes generative inner evolution from completed outer-time records. These statements do
not, by themselves, specify which information the record retains or how different records can be
compared. We therefore make their proposed operational completion explicit:

(R1) Completed-record sufficiency. Predictions about completed events depend on their
record data, not on a selector label erased by the record map. Distinct right carrier states
remain distinct physical data.

(R2) No unrecorded frame identification. The structural data at a record are its Hermitian
carrier spaces, selected phase algebra, block identities, and any declared retained tensors.
They contain neither a named internal basis nor a prescribed common frame relating
distinct records. Local presentations may be selected independently. This principle
concerns passive coordinate choices, not active equivalence of all carrier states.

(R3) Faithful local comparison. When neighboring records are compared, the comparison
is complex-linear, invertible, preserves the carrier norm and retained structural tensors,
has an inverse for reversed comparison, and composes along successive records. It must
compare arbitrary carrier amplitudes, rather than only one preferred state.

(R4) Smooth correspondence limit. On an emergent smooth record chart, short comparisons
approach identity in a chosen smooth local presentation and admit a first-order expansion.
Neither smooth spacetime nor its dimension is derived here.

R1 is implemented for erased labels by the channel of Section 7. R2 is consistent with that
channel but is not implied by depolarization alone: a shared externally recorded frame would
violate it. R3 is an additional correspondence requirement for reversible comparison. R4 is a
continuum assumption. Calling these operational core principles defines the strengthened model;
it does not retroactively prove that they follow from the bare ontological postulates.

Theorem 3.1 (Reversible inner steps cannot complete an exact record). Let m > 2 and let &y,
be the standard-form selector channel of Definition 7.2, acting on Ay, = B(VL, @ VR). If pa, pp
are distinct orthogonal rank-one projectors on Vi, then

Doy = (pa — ) ® Ir # 0, Em(Dgp) = 0.

For every reversible step represented on this same algebra by a unitary (or orthogonal, after
complezification) conjugation «, including any finite composition of such steps,

la = Emll2—2 > 1.

Thus an iteration of reversible inner-clock steps cannot implement exact selector-forgetting
completion on this algebra. For the specified mixing semigroup, @gm) —En =e Mt id —&,), so
exact completion occurs only ast — 0o, or by taking the record map £y, itself as an operational

projection.

Proof. Definition 7.2 sends both p, ® Ir and p, ® Ir to I,/m ® Ig. Normalize Dy, to unit
Hilbert—Schmidt norm. Any reversible conjugation preserves that norm and remains injective,
whereas &,,(Dgp) = 0. Hence |[(a — &) (Dap)||2 = 1, proving the bound. The semigroup identity
follows from £2, = &,,. O

This is a limited operational necessity for separating inner generation from completed records.
It permits a unitary dilation on a larger system with information transferred to an environment,
and it does not derive the particular channel &,,, the seven-state clock, or a physical identification

11



of this separation with DTT. At finite ¢, @Em) is invertible as a linear superoperator but is not
reversible as a quantum channel: it attenuates D, and its inverse is not a positive map on the
selector algebra.

Proposition 3.2 (Local record preservation does not erase joint frames). Let z,y be completed
records, with right-carrier algebras B, = B(Er,) ® I and B, = I ® B(ER,) embedded in their
joint observable algebra. If a unital completely positive joint channel ¥ fizes B, and B, pointwise,
then it fizes the generated algebra B, V By = B(ER, ® Eg,) pointwise. In particular, applying
independent instances of £y, to left selector factors leaves every pre-existing right—right correlation
unchanged. Ezact local selector erasure therefore does not establish R2 for the joint completed
records.

Proof. For b € B, or b € By, pointwise fixation of its full x-algebra gives W(b*b) = b*b = W (b)* ¥ (b)
and likewise for bb*. Thus b belongs to the multiplicative domain of W. For b, € B, and b, € B,
it follows that W(b,b,) = W(b,)W¥(by) = byb,. Such products span the joint right algebra. O

For example, a prepared right-carrier correlation |Q)(Q|, with [Q) = m™1/23"" i), @ |i)y,
is retained by these channels. Its selected pairing of bases is additional joint data; independent
endpoint frame automorphisms do not fix that particular preparation. This does not invalidate
independent passive changes of presentation, nor require that every right-correlated state define a
faithful linear comparator. It shows why R2 must specify which structural tensors and reference
preparations the completion supplies, rather than asserting that local depolarization deletes
every possible cross-record reference.

A concrete next task is to specify one microscopic joint update and its admissible preparations,
then prove that its completed structural data admit independent Gy automorphisms at x and
y, while its phase protocol preserves the prepared product-volume reference of Section 7.2. One
must check that the common source does not also supply a canonical £, — E, map. If this
independent-frames statement follows, Theorem 3.5 applies to the resulting records; if a shared
comparison reference survives, it should instead be accounted for explicitly as relational data in
Theorem 3.6. Neither outcome alone excludes the flat realization of Proposition 3.8.

Premise Role in the necessity argument
Common temporal Motivation for reconstruction; insufficient to establish indepen-
source dent local frame freedom.

Motivation for a record quotient; requires a concrete choice of
retained data.

Inner/outer completion

Exact selector erasure Makes hidden left resolution labels irrelevant to recorded pre-

dictions in the specified model.

Absence of a shared
record frame

Faithful comparison

Smooth limit

Global product-volume
reference

Supplies independent endpoint frame freedom; independently
stated in R2.

Excludes a zero or amplitude-destroying comparison; indepen-
dently stated in R3.

Turns discrete transport into a connection; stated in R4.

Selects the determinant-linked group; unnecessary for the gen-
eral transport necessity theorem.

3.2 Future interference forces retention of relational history

The no-shared-frame premise can be complemented by a stronger question: which history
information is completion allowed to forget? The behavioral criterion of Proposition 2.1 answers
this without supposing that all possible shared references are erased.

12



Let hi,he : y — x be two histories with identical endpoint record structures, and let
U1,Uz : B, — E, be their unitary transports. Assume a coherent comparison test can prepare
1 € By, place the two histories in separate control paths, and recombine them. Its plus-port
probability is

P, 6) = 5 [1+ Re(c™(w, U509 ] (15)

The control paths and their relative phase are declared physical reference data. They are not
produced by a frame relabeling.

Theorem 3.3 (Endpoint-only completion fails for distinguishable transport). Suppose the
admitted future tests include the coherent comparisons (15), with arbitrary normalized input
and a calibrated reference history. If Uy # Us, a predictively sufficient record cannot identify
the two histories solely because their endpoint structural records agree. The record must retain
their transport distinction or relational data sufficient to reconstruct all its admitted interference
statistics. In local frames this retained information transforms by the endpoint gauge-link law.

Proof. The unitary W = U5U; differs from I. It therefore has an eigenvector 1) with eigenvalue
e £ 1. At ¢ = 0 the comparison probability is (1 + cosf)/2 < 1, whereas the comparison of Us
with itself gives one. Hence a declared future test separates the histories, and Proposition 2.1
forbids identifying them in a sufficient record. For independent changes of endpoint frame,
Ul = g;'Uigy, so W' = 9y W g, and the probability is unchanged when ¢’ = 9y 0. O

This is a necessity of retained relational information, not a necessity of storing a literal
microscopic trajectory. An endpoint record enlarged by its transport class is sufficient for these
tests. A prepared shared frame can supply that class and must then be counted as part of the
record. Conversely, if coherent path references are excluded, tests may identify a central phase
or a larger class of transports. The operational test family determines the quotient; a universal
ability to resolve every phase is not assumed silently.

Corollary 3.4 (A conditional route from histories to a connection). Assume retained comparison
histories compose, invert under path reversal, are invariant under reparametrization and thin
homotopies, and depend smoothly and locally on paths. If their action on retained carriers
18 faithful, complex-linear, and tensor preserving, they supply smooth gauge transport. Their
short-link limit is a compatible connection, and a distinguishable loop gives nontrivial holonomy.

Proof. Composition and reversal give a path transport functor. In a local trivialization its
short-link derivative defines A, as in Theorem 3.6; subdivision and smoothness recover its
path-ordered transport. Thin homotopies remove changes that sweep out no area. The gauge
law follows from the independent endpoint frames. O

The general transport-functor/connection correspondence is established geometry [32]. The
application here places the necessity one step earlier: future-test sufficiency disallows deleting
observable history transport. A single nontrivial loop can still be a flat topological holonomy.
Local curvature requires a nontrivial area-order response of arbitrarily small contractible loops.

3.3 Local structure does not select a comparator

For one record let £ = E3 @ Fy with its Hermitian metric, phase unit, splitting, and total unit
volume tensor. Its adapted frames form a torsor for Gg. = S(U(3) x U(2)): the group acts
freely and transitively on compatible frames, with no distinguished element. Two records have
independent torsors until relational data are supplied.

Theorem 3.5 (No structural-data-only faithful comparison). There is no nonzero block-
preserving linear comparator Cyy : E, — E, constructed naturally from only the separate
structural data of two records, if their adapted frame automorphisms act independently. In
particular no such construction can provide the faithful comparison required by R3.
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Proof. Naturality under endpoint automorphisms, which fix the structural input, requires
Cry = g;leygy for all g4, gy € Gre-

Take g, = I. On the triplet choose g, = ((I3, I2) with { = e?mi/3; it belongs to Gy and forces
the triplet block to vanish. On the doublet choose g, = (I3, —1I2), also in Gg; it forces the
doublet block to vanish. Thus C, = 0. The same argument applies to ordinary U(m) carriers
whenever their automorphism group has no fixed vector in the defining representation. O

The theorem does not deny a comparator supplied by a common ambient source, an overlap,
or a recorded reference frame. Such objects are additional relational data and are precisely what
separate endpoint structural data lack. Nor does it say that passive frame freedom makes all
active states physically equivalent.

Theorem 3.6 (Gauge transport is the minimal faithful comparison structure). Under R1-R3
for the retained 3 + 2 carrier with a global total-volume tensor, a faithful comparison requires
additional relational isomorphisms between retained fibers. Their matrices in local adapted frames
are Ggre-valued links Cyy, with

C:;:y = g:;lca:ygya Cy:c = C;yl' (16)

Their products compare successive records; closed products are defined up to conjugation. Under
R4, short links give a compatible connection with the usual inhomogeneous transformation law.
No connection, covariant derivative, or Yang—Mills action is assumed in R1-R3. Here “minimal”
means that endpoint data must be supplemented by relational comparison; it is not a theorem of
uniqueness or categorical minimality among all possible implementations.

Proof. The preceding theorem excludes a faithful comparator from structural endpoint data
alone. A norm-preserving complex-linear isomorphism is unitary by the polarization identity;
preservation of the splitting and total tensor makes it a Gg,c isomorphism. Writing its intrinsic
action £, — E, in independently changed frames gives (16). Composition cancels intermediate
frames, and a closed product transforms by conjugation at its starting point. Under R4 write

Cx,x—i—eeu =1+ EALL('Z') + 0(6)'
Expanding g, 1Ca;’x+eeu Gztee, Bives
A, = g A9+ g g

Unitarity makes A, anti-Hermitian, and tensor preservation imposes the total-trace constraint.
The differential comparison is D, = 0, + A, derived from the link expansion. Its Leibniz
rule follows from differentiating scalar multiplication rather than being postulated to define a
connection. O

If the global total-volume tensor is not retained, the same necessity argument uses the
automorphism group of the actual declared record structure instead of Gg.. The particular
determinant-linked group depends on the additional tensor-retention premise. This establishes
necessity of gauge-covariant transport within the operational completion of SMM/DTT. It
establishes neither a unique transport law nor independent gauge-field degrees of freedom. Closed-
loop formulations encode the same comparison content without introducing local potentials as
observable entities. Relational reference-frame changes already have a substantial literature [5];
the application here is to this paper’s explicit completion and record model.
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3.4 Which comparisons have observable content?

Proposition 3.7 (Tree reduction and cycle observables). On a finite connected record graph
with inverse links, a choice of frames can make every spanning-tree link identity. The remaining
edges give |E| — |V|+ 1 fundamental cycle comparators, defined up to simultaneous conjugation
at a root. Thus local link matrices are gauge dependent, while cycle spectra and trace deficits
carry frame-independent comparison information.

Proof. Fix a root frame. For a tree edge directed from parent x to child y, choose g, = C;yl Jx-
Its transformed backward comparator is identity. Recursion defines all frames uniquely once
the root is chosen. Every non-tree edge closes one fundamental cycle; changing the root frame
conjugates all such products together. O

A tree has no independent loop holonomy, and a one-dimensional smooth chart has zero
local curvature. Inner-time compactness may support a global loop but does not force a nonzero
spacetime curvature two-form. Curvature records nontrivial local cycles in the smooth comparison
geometry; its existence requires more than unobservable labels.

3.5 A sharp limit: the bare source permits flat transport

Proposition 3.8 (Flat realization of the bare reconstruction assumptions). The finite source,
phase-compatible defect, selector channel, and retained product tensor admit a realization with
constant carrier projectors, identity comparison links, zero curvature, and no autonomous gauge
field. Therefore those bare assumptions do not entail interacting Yang—Mills dynamics.

Proof. Take the exact seven-state source and its scalar-extended defect, identically at every point
of a trivial record chart. Use the same standard-form and phase-register channels pointwise,
with a fixed total-volume reference. Set C,, = I in that fixed trivialization. All finite source
and record identities hold, the connection is flat, and no kinetic gauge field has been introduced.
Passive local changes of presentation produce pure-gauge matrices but do not alter the zero
curvature. 0

The distinction is logically useful: R2-R3 make relational transport necessary, but nonzero
curvature and autonomous dynamics require further physical input. Any stronger claimed
derivation from the same assumptions would have to exclude this explicit flat realization.

3.6 The scope of a necessity claim

Theorems 3.5 and 3.6 concern the data needed to compare independently unframed records.
They do not say that SMM/DTT is required in every microscopic realization of gauge theory.
Conventional lattice gauge theory starts from link variables and a specified local gauge symmetry
[13, 14]; other many-body mechanisms can produce emergent gauge excitations [22]. These are
logically distinct starting points.

A stronger SMM/DTT necessity statement would have to name a class € of microscopic
update rules and an independently specified target T: a record network with a three-dimensional
spatial scaling regime, relational Gg, comparisons, and autonomous gauge response. The criteria
defining € must be motivated without building inner time, a seven-state clock, three spatial
axes, the gauge group, or their desired conclusions into its definition. One would then prove that
every member of € realizing ¥ contains an identifiable inner generation/completion distinction
and the requisite record quotient, or else produce a counterexample. Such a statement would
establish conditional uniqueness within €, not an unrestricted ontological necessity. In particular,
a counterfactual rule that omits completion must be analyzed with the same observables and
low-energy criteria as the original rule. A model whose every link is the identity demonstrates
insufficiency of the current axioms, but the existence of a flat configuration or vacuum does not
disqualify a dynamical gauge theory.
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4 Minimal source axioms

Axiom 4.1 (Compositional source). Source amplitudes form a finite-dimensional real unital
associative algebra. Composition is bilinear and closed, and a positive quadratic intensity is
exactly multiplicative.

Axiom 4.2 (Nonclassicality). Source composition is noncommutative. This excludes the scalar
and ordinary complex alternatives before any recurrence order is considered.

Axiom 4.3 (Minimal reversible completion). Every center-free real source direction receives
exactly one conjugate quadrature. A single reset state closes the orbit. The reset orbit is reqular
and there are no inaccessible, duplicated, or spectator states.

Axiom 4.4 (Canonical open record and full-event completion). Microscopic resolution data act
in the left standard representation and are mized primitively; retained carrier data are the right
commutant. The completion first forms real cut defects and then extends scalars through the
selected phase algebra. A separate auxiliary tensor register retains the neutral product volume
coherence and mizes the relative block phase. The physical choice to retain that coherence is an
assumption. The record map is not a closed automorphism and does not act as matter-state
decoherence.

Remark 4.5 (Physical assumptions and target dependence). The source axioms do not explicitly
name a gauge group, but absence of its name is not a proof of target independence. Associativity,
one quadrature pair per source direction, a regular reset orbit, the doubled defect interface,
the standard-form separation, and retention of only the total block volume are substantive
restrictions. In particular, the total-volume retention rule uses the already constructed 3 + 2
ranks and specifies a tensor category whose stabilizer is the stated group. Their independent
motivation and robustness under alternative record mechanisms are part of the research program.

4.1 Ontological interpretation and mathematical content

SMM motivates a common compositional source rather than independent primitive spatial
entities. DTT motivates a distinction between inner reconstruction and completed outer-time
records. Neither statement alone selects a division algebra, a seven-state clock, a complex
scalar field, a smooth spacetime, or local gauge freedom. The model supplies explicit additional
assumptions at each interface. Complex phases here use a selected J with J? = —I; they must
not be identified with a split-complex temporal unit satisfying j2 = +1.

The distinction between a common origin and a common observable frame is central. A
microscopic marker may fix a frame before recording, while the record need not retain that
frame. The construction below separates microscopic selector labels from retained state spaces.
A local gauge description additionally requires independently chosen charts over a smooth record
base; a finite source at a single point cannot itself establish locality.

5 Quaternionic source rigidity and order selection

Lemma 5.1 (Frobenius source classification). Under Azioms 4.1 and 4.2, A = H.

Proof. Positive norm multiplicativity excludes zero divisors. Finite dimensionality and associa-
tivity imply that every nonzero element is invertible. Frobenius’ theorem leaves only R, C, and
H; noncommutativity selects H. O

Corollary 5.2 (Intrinsic displacement module). The center-free module

W =A/Z(A) = ImH
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has real dimension three. The norm induces its FEuclidean metric. Quaternion multiplication
gives the nonzero alternating form

w(u, v, w) = (uv, w),
which fizes an orientation. The connected inner automorphism group is SO(W).

Lemma 5.3 (Quadrature lower bound). A nontrivial oriented real frequency mode has real
dimension at least two. Therefore a reversible realization of all d independent center-free source
directions, with no fixzed non-source line, has dimension at least 2d away from the marker.

Proof. A one-dimensional real orthogonal action has eigenvalue +1 or —1 and carries no contin-
uously oriented phase. A nonreal unit-modulus eigenvalue occurs with its complex conjugate
and hence contributes a real two-plane. Completeness and no spectators require exactly one
such plane per source direction. ]

Definition 5.4 (Explicit microscopic clock). For an oriented orthonormal source frame F =

(f17"'7fd)7 let
Hp=Rug @ W. & W,, N=1+2d.

Let ¢(fx) and s(fx) be the two copies of fi. Define

Krug = ug,
Krc(fr) = cos(2mk/N)c( fx) + sin(2nk/N)s(fi),
Kps(fi) = —sin(2nk/N)c(fx) + cos(2nk/N)s(fx),

and

d
1 2
Qp = ——up+ 1/ = > c(fu).
F= R0 N 2 (fx)
The reset channel is Cr(p) = |Qp)(Qp| Tr p.

Lemma 5.5 (Regularity and uniqueness of the reset vector). The vectors e, = KjQp, n € Zy,
form an orthonormal basis. Conversely, for the simple spectrum of Kr, a cyclic vector has an
orthonormal orbit exactly when every spectral weight has modulus N~Y2. Reflection and source
orientation fix the remaining phase convention up to an orientation-preserving source frame.

Proof. The inner product (e,,, e,) is the inverse discrete Fourier transform of the uniform spectral
measure on all Nth roots of unity, hence equals d,,,. Conversely, orthogonality of all orbit
translates says that the Fourier transform of the spectral weights is the Kronecker delta, so the
weights are uniform. Reality pairs conjugate phases; the marked reflection fixes cosine phases;
source orientation chooses between Kp and KEI. ]

Theorem 5.6 (Unique order theorem). The source of Lemma 5.1 has d = 3. The clock of
Definition 5.4 therefore has N =1+ 2d =7, and Lemma 5.5 makes its first-return order seven.

Proof. By Corollary 5.2, d = 3. Minimal quadrature gives dimension 14 2d = 7. A regular
orbit is an orthonormal basis, so its length equals the Hilbert-space dimension. The explicit
eigenvalues are all seventh roots, and no proper positive power fixes them all. ]

Proposition 5.7 (Exclusion of nearby orders). Within the azioms:
(a) N = 3,5 provide only one or two nontrivial conjugate planes and cannot read out all of W ;
(b) N = 9,11,... contain at least one additional Fourier plane and violate no-spectator

minimality;
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(c) even N contain a real —1 character, which is not a conjugate quadrature plane and violates
the all-nonzero-modes phase rule.

No-go theorem 5.8 (Octonionic fork). If associativity is removed while positive norm com-
position is retained, the octonions become admissible. Their center-free imaginary module has
rank seven and the same minimal-dilation rule gives order fifteen. This is an alternative model
branch. Dropping associativity merely admits it; it does not force an octonionic source or by
itself provide an empirical falsifier.

6 Carrier, complex structure, defects, and gaps
Let Re, =e_,. Then R> =1, RQ =, and RKR = K~ L.

Lemma 6.1 (Odd carrier and physical isotropy). The reflection-odd subspace has dimension three
and is canonically the sine-quadrature copy Ws. After the frame-selector diffusion has forgotten
F, the only retained positive bilinear form on this output is a scalar multiple of the quaternionic
norm, and the only retained orientation is the quaternionic orientation. Hence the retained
output metric has isotropy group SO(3). This is not yet a construction of three-dimensional
spacetime.

Proof. Reflection is +1 on the cosine copy and —1 on the sine copy. The oriented-frame selector is
ergodic under SO(W), whose defining representation on W is irreducible. Schur’s lemma makes
every invariant symmetric bilinear form scalar. The source three-form fixes orientation. O

For the complexified regular clock define
1o :
Pp=2) e 2K 5= VTR, k=1,2,3.

n=0

These are the positive-frequency projectors and marker-calibrated vectors. Complexification
here is a device for displaying the spectral lines; the physical complex scalar structure is then
identified through the selected polar unit.

Lemma 6.2 (Positive-frequency complex structure). On the nonfized sector, let A =log K be
the oriented principal skew-adjoint logarithm. Its polar phase

J = A|A|™!
is the unique orthogonal complex structure satisfying A = J|A|. The positive-frequency lines Czy,

k=1,2,3, form B3 = C3.

6.1 The cut obstruction and a phase-compatible completion functor

Proposition 6.3 (Raw marked cuts do not preserve the source phase). Let J be the polar phase
on the nonfized real clock sector, extended by zero on the fized mode, and Po = I — |Q)(Q|. Then
[Pa,J] # 0. For the regular seven-state source,

I[Po, J]I| = V/6/7.
Consequently the raw cut cannot be declared complex-linear over the original polar structure.

Proof. The marked vector has weight 1/7 on the fixed mode and 6/7 on the nonfixed modes.
Put v = J§. Skew-adjointness gives (Q,v) = 0, and ||v||*> = 6/7. Direct calculation gives
[Pa, J] = |)(v| 4+ |v) (€], whose nonzero eigenvalues are =£||v||. O
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The obstruction is exact. It cannot be removed by simply renaming the ordinary scalar ¢ as
the selected phase J.

Definition 6.4 (Scalar-extension completion rule). On the nonfized source space define the real
algebra
Cy={al +bJ:a,bec R}, JP=—I.

This is a copy of the complex field with distinguished oriented imaginary unit J. For every real
interface module D, define

SJ(D):D®]R(CJ.

For a real map L : D — D’ set S;(L) = L ® 1. Scalar multiplication acts on the second factor.
The norm is obtained from the real metric and the usual norm a® + b%> on the phase algebra.

This is a specified composition rule, not a claim that every microscopic defect is already a
complex subspace of the original clock. Its merit is precise compatibility: it uses the already
selected phase algebra without requiring LJ = JL on a real domain where such a condition is
inappropriate. Under source conjugacy J' = UJU ™! the map al + bJ +— al + bJ' canonically
identifies the scalar algebras; reversal of the selected orientation conjugates them.

Theorem 6.5 (Phase-compatible doubled defect). Let Vo = Q+ over R and

0 T%
Tr = PoK P, Dp = R
R 0K Polv,,s R (TR 0)

Then ker Dg has real dimension two and the nonzero singular gap is one. The extended operator
Djy=Dr®1 is Cj-linear and self-adjoint, and its kernel

Eys =ker Dp ®r C;
has complex dimension two with the same nonzero gap.

Proof. In the orbit basis the real cut is the length-six truncated unilateral shift. Its singular
values are five ones and one zero. Thus the doubled kernel is

R(K1Q,0) ® R(0, KQ).

Tensor extension preserves these finite-matrix kernel and singular-value statements, while scalar
multiplication commutes with Dy ® 1 by construction. ]

The in/out vectors belong to different doubled summands. Their microscopic labeling need
not define a retained right polarization. The physical retention of Es and the scalar-extension
rule remain explicit interface assumptions. The result repairs compatibility; it does not derive
that physical interface from the source algebra alone.

Theorem 6.6 (Finite spectral protection). Unitary transport of the exact source pair preserves
the chord response Az = 2sin(n/7) and the scalar-extended doubled defect gap Ao = 1. The
defect zero cluster is isolated by distance one. The positive-frequency cluster of —ilog K has
rank three and is separated from zero by 2w /7. For this Hermitian generator and for Dj, self-
adjoint perturbations smaller than half their respective cluster-separating distances preserve the
corresponding ranks. More generally o Riesz rank persists when the resolvent remains invertible
on a fixed enclosing contour.

Remark 6.7. The chord response is not the positive-frequency Riesz separation: |I — K| has
conjugate-pair degeneracies and by itself does not select the complex triplet. Protection of a
whole cluster also does not imply degeneracy of all internal eigenvalues. A frame change is
covariant even when its matrix generator is nondegenerate; arbitrary U(3) matrices need not
commute with the fixed clock generator.
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7 Record standard form and selector-forgetting theorem

7.1 Why a copied selector is not enough

No-go theorem 7.1 (Projector-erasure obstruction). Let £ : A — B be a conditional expectation
that fizes B pointwise. If a microscopic line projector p belongs to B, then E(p) = p and it is not
forgotten. Therefore one cannot erase the projectors that select a multiplet while preserving the
full algebra containing those same projectors pointwise.

One explicit resolution is standard form: selectors and carriers are commuting left and right
actions of the same matrix algebra.

Definition 7.2 (Canonical standard-form record channel). For V = C™, identify
L*(M,,, Tr) 2V, @ Vg.
Let My, act on the left by L, and its commutant act on the right by Ry. Define
Em(X) = % RTr (X), O™ =&, +e mi(id—Ep).
Theorem 7.3 (Exact selector forgetting with carrier preservation). For m = 3 and m = 2:
Fix(®{™) = I}, ® My(C)g,

I
Em(Pa ® Ig) = £ @ I,

m
gm(IL®b) =1I;,®b.

The convergence estimate is exact:
126 = Enllz-sz = e
After positive 3-2 block dephasing, the full fixed algebra is
Ms5(C)r & M2(C)pg.

Proof. &, is the Hilbert—Schmidt orthogonal projection onto the right commutant, hence is
unital, trace preserving, completely positive, and idempotent. The displayed semigroup follows
from £2, = &,,. Its fixed space is exactly the range of &,,. Block dephasing removes off-diagonal
intertwiners. O

Corollary 7.4 (No designated retained in/out polarization). The two designated left defect
projectors have the same record image. Therefore the left selector does not supply a preferred
polarization of the right carrier. The full right matriz algebra nevertheless contains rank-one
projectors and self-adjoint involutions: these observables are not erased. The right carrier has
frame group U(2) only if no additional retained tensor, Hamiltonian constraint, or record coupling
singles out a right polarization.

Remark 7.5 (Passive frames versus physical transformations). A passive frame change transforms
states, observables, and generators together; it is not a transformation of the state alone while
every observable remains fixed. Erasing a left selector does not identify all distinct right states
or make every right unitary physically trivial. The record channel is compatible with right
frame changes, but local frame redundancy is a separate representational principle. Also, ®;
is primitive on the selector factor, not on the entire standard-form algebra, whose right fixed
algebra is nontrivial.
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7.2 An explicit auxiliary phase register

Let R = C* with ordered basis |00), |10),]01), |11). These denote auxiliary volume-label occupa-
tions, not physical carrier states. Define

Qr = diag(0,—6,6,0),  L4H(X) = —%[QR7 [Qr, X]], 74 >0.

Here the charges are the determinants of the primitive relative module weights —2 and 3,
multiplied by block ranks three and two.

Theorem 7.6 (Product-volume coherence without carrier decoherence). Z; = e*“¢ is a unital
trace-preserving completely positive semigroup. For matrixz units,

Ei(|a) (b]) = e 0Haam®)*/2|q) 3],

The total-volume coherence Cior = |11)(00| is fized, whereas the separate volume coherences
C3 = [10)(00| and Co = [01)(00| decay as e~ 1879t The register fized algebra is My ® C @ C, of
complex dimension siz.

Proof. The generator equals v,(QXQ — {Q? X}/2) and is of Lindblad form. Alternatively, =,
is an average of conjugations e’*? Xe™*? with centered Gaussian variance vgt. Its action on
matrix units and fixed charge eigenspaces gives all assertions. O

For each standard-form block take the tensor-product channel @gm)®5t; inter-block coherences
can be removed by an independent block-dephasing generator. This preserves I1 ® br ® I for
every physical right observable. The auxiliary fixed algebra is real mathematical data and is
not silently deleted from the full channel. Its identification as a label register rather than a
propagating matter sector is a modeling assumption. Therefore the carrier fixed algebra alone
has dimension 9 + 4 = 13, while including this register gives (9 4 4)6 = 78.

To attach the register to volume tensors, use |10) and |01) as labels for the two block wedges
and |11) for their product. A prepared nonzero Cio retains a product-phase reference. The
channel preserves but does not create that reference. No right carrier state is averaged over the
relative phase. This explicitly separates label forgetting from physical charge decoherence.

Proposition 7.7 (Primitive phase-calibration descent). On the exterior completion space let N
and No count triplet and doublet occupancy. The unique primitive nonzero block-scalar integer
generator annihilating the fully occupied bidegree (3,2) is, up to sign,

Qrel = _2N3 + 3N2

Its passive phase action on frame tensors multiplies the triplet and doublet defining modules
by e~ 21 and 3. The separate top wedges have charges —6 and +6, while their product and
the vacuum-to-full-completion operator have charge zero. Averaging this phase in an auxiliary
frame-label register forgets both separate determinant frames while preserving their product. This
averaging is not a channel on physical carrier states: applying it there would generally remove
charged coherences and could conflict with preservation of the full right matriz algebra. The
channel above realizes the temsor-label interface; its physical identification and prepared reference
remain part of the record hypothesis.

Proposition 7.8 (Parity-output factorization). The spatial output carries the source SO(3)
action; the retained internal carriers carry independent right U(3) x U(2) actions. There is no
nonzero invariant tensor in

Wg, ® End(E3) or Wg, ® End(E»)

under the full product action. Thus there is no invariant mized tensor if independent spatial
and internal frame actions are retained as a product. Establishing that independence from a
microscopic joint channel is an additional model condition.
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Proof. The conjugation invariants of End(E,,) under U(m) are the scalars. The defining SO(3)
module has no invariant linear functional. The invariant tensor space therefore vanishes. ]

8 Canonical determinant tensor, global group, and phase atlas

Lemma 8.1 (Marker-fixed spectral phases). For a regular marked cycle, |PQ|| = 1/v/7. Hence
21 = VTP is a canonical unit vector in the kth positive-frequency line; no arbitrary eigenvector
phase remains. Likewise KT1Q canonically orient the two defect lines.

Locally let e3 be a unit wedge of the positive-frequency right carrier and let es be the wedge of
the two scalar-extended real defect vectors, transferred to the right module. Then 74, = e3 ® eq
is a local unit tensor. Global descent of these products is a separate assumption: neither a local
marker nor the four-state register determines all transition functions. On a trivial record chart
the explicit construction below supplies a global reference.

Theorem 8.2 (Canonical total determinant cancellation). Let 74 be a stipulated globally
retained unit tensor in det E3 ® det sy, represented locally by the product-volume reference. It
survives the declared record channel, although no individual spectral or defect line and no separate
block volume is retained as a named tensor. Its unitary stabilizer is

S(UB) xU(2)) = {(us,u2) : det ug det ug = 1}.

Compatibility here includes Vg = 0; it is a restriction on allowed transport, not an automatic
property of any spectral connection. Consequently total determinant holonomy is trivial on every
loop, including torsion and flat-holonomy loops.

Proof. In an exact smooth family the spectral-projector formula and marked defect vectors
provide nonvanishing local tensors. The global assertion assumes that their product patches as
the retained tensor specified by the total-volume retention rule; local marker-fixed phases alone
do not prove this gluing. A product wedge is unchanged by determinant-one internal frame
changes but does not retain a named basis. Its declared reference retains the product phase.
By Proposition 7.7, the two separate block wedges are charged and averaged away, whereas
their product is neutral. A block unitary acts on the product wedge by det ug det us, giving the
stabilizer. Parallelity of a global unit tensor makes its holonomy exactly one; this is stronger
than zero curvature. O

Corollary 8.3 (Global quotient and unique relative Abelian factor). There is a canonical
isomorphism
SU(3) x SU(2) x U(1)

Zg ’

I

SU3) xU(2))
induced by
(g3a g2, Z) — (z—2g3’ zggQ)'

The kernel has sixz elements. Because the selector fixed algebras are scalar and the total determi-
nant removes one of the two block-center phases, exactly one Abelian factor survives.

Proposition 8.4 (Smooth compact phase atlas). Let (g3 ab, 92,.a5) be source-compatible frame
transitions. Then

hap = det go ap = (det g3 qp)
is a smooth U(1) Cech cocycle. It defines the relative line
L) = det Eo = (det E3)*.
No separate phase-atlas hypothesis is needed.

No-go theorem 8.5 (Curvature-only determinant argument). The local condition Tr F3 +
Tr F5 = 0 does not eliminate a nontrivial flat total determinant line. Controlling all periods
requires a global trivial-holonomy condition, supplied here by a parallel unit tensor such as Tgc.
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9 Composition of completed regions and Gauss constraints

A passive gauge-link law does not by itself restrict the state space to gauge singlets. To obtain
Gauss constraints we specify a composition rule: when regions are joined at an internal record,
their boundary amplitudes are sewn independently of an arbitrary internal frame. The precise
rule uses coherent averaging, and differs from discarding a classical frame label in a density
matrix.

Axiom 9.1 (Invariant internal sewing). At each internal record v, let R, be the unitary
representation of the retained compact connected frame group G on all incident boundary
and matter indices. Sewing replaces a boundary amplitude by its normalized Haar average
Py = fG R, (g)Ydg. The initial physical sector has no external charge at such an internal
record. Boundary records may carry specified charge representations.

This is additional physical content. Independence of the name of a frame motivates it
but does not uniquely force coherent averaging. Different charge sectors or reference-carrying
boundaries are legitimate alternatives.

Theorem 9.2 (Invariant sewing gives the Gauss sector). P, is the orthogonal projector onto
G-invariant amplitudes. If R,(e*Ta) = €¥9% | then

Py =19 <= G =0 [for every generator a,

on the common generator domain. Sewing at different vertices gives the intersection of these
Gauss sectors. A Hamiltonian commuting with all R,(g) preserves the sewn subspace.

Proof. Haar invariance gives R,(h)P, = P,, P¥ = P,, and P? = P,. Every invariant vector is
fixed by the integral, proving the range statement. Differentiating group invariance gives the
generator conditions. Conversely zero generators imply invariance under their one-parameter
subgroups, which generate a connected group. On a link, the actions of its two endpoints are
left and right translations and commute, so the vertex projectors commute. Commutation of a
Hamiltonian with the representation implies commutation with each projector. O

On LQ(GS) the link Uy, : B, — E,, transforms actively as Uy, — hyUwohy t. The generator
at a vertex is the sum of its signed left /right electric generators plus its matter charge. This
is the Hamiltonian Gauss law of lattice gauge theory [14]. Its sign is fixed by this endpoint
convention. For G = S(U(3) x U(2)) there are twelve generators per vertex; the two block
centers share one relative generator. No thirteenth independent Abelian constraint is introduced.

Proposition 9.3 (Frame twirling is not singlet projection). The invariant density matrices of
T(p) = [5 R(g9)pR(g)* dg need not be supported on Ran P. Thus ordinary ignorance of a frame
does not establish the singlet Gauss sector.

Proof. On a nontrivial irreducible representation of dimension d, the density matrix I;/d is
invariant under twirling, while the Haar average of amplitudes is zero because the representation
contains no invariant vector. More generally, for K = @, Vi ® M), twirling produces blocks of
the form Iy, /dim V) ® py; it does not delete nontrivial A sectors. O

This distinction identifies exactly what must be derived from a future microscopic completion
rule. If it supplies coherent internal sewing and the neutral initial sector, Gauss constraints follow.
If it supplies only twirling, one obtains invariant density operators with possible charges. The
later rotor and singlet-loop models respect the constraint once that sector is selected; symmetry
of their Hamiltonians does not independently choose the sector.
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10 Local temporal frames and the necessity of a connection

Axiom 10.1 (Smooth realization of operational comparisons). Use R1-R/ from Section 3 on a
smooth record chart. The retained spaces form smooth Hermitian bundles, and their relational
comparators preserve the declared tensors. No differential comparison operator is included among
these assumptions.

Corollary 10.2 (Differential comparison law). The operational necessity theorem gives, in a
local frame u with ¥ = uy,

Dy = dop + Ay, (17)
A =g 'Ag+ g 'dg, (18)
D'y = g 'Dy, W =g 1. (19)

Proof. Apply the first-order expansion of the faithful links in Theorem 3.6. The displayed law
follows from changing endpoint frames; it is not inferred merely by defining a Leibniz operator
to be a connection. O

The result establishes necessary comparison structure, not nonzero curvature or a propagating
force. A gauge-invariant formulation can use relational or loop data directly. The conventional
redundancy interpretation is reviewed in [17].

10.1 Protected spectral transport

Let Hj,(x) be a smooth finite-dimensional self-adjoint family, or a suitably common-domain
operator family with a smooth isolated spectral projector P(x) of constant rank. Then E = Ran P
is a Hermitian bundle. The adiabatic transport mechanism of [16] gives its natural projected
connection.

Proposition 10.3 (Intrinsic Kato connection and curvature). For a section s = Ps, define
Vs = Pds. In an orthonormal frame u of F,

A=u'du, F=dA+AANA,  F=P(dPAdP)P.
Here A is anti-Hermitian and F = uFu' on E.

Proof. utu = I implies AT = —A. Expanding V?s = Pd(Pds) and using PAPP = 0 gives
P(dP AN dP)Ps. Local expression yields F. O

The identity PAPP = 0 does not imply V = 0: differentiation acts on sections, not just on
the projector. A fixed projector with a varying frame has a pure-gauge connection and zero
curvature. On a one-dimensional base every curvature two-form vanishes; local curvature physics
requires a higher-dimensional record or parameter base, while loops may still support global
holonomy.

10.2 Compatibility with the determinant tensor

The raw projected connection need not make 7y parallel. This is an extra compatibility
condition. In local frames satisfying 74 = 1, let A3, As be block-unitary connections and
a = Tr A3 + Tr Ay. The corrections

give total trace zero and patch covariantly under S(U(3) x U(2)) transitions. They define one
compatible connection; they do not show that microscopic adiabatic transport implements this
correction. The raw Kato connection, a source-compatible connection, and an independently
variable gauge field must therefore be distinguished.
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Proposition 10.4 (Space of compatible connections). On the reduced principal bundle Q — X,
source-compatible connections form an affine space modeled on Q'(X,ad Q). On a trivial bundle,
after choosing a reference trivialization, they are represented by Q' (X, gsrc), where

Osrc = {(Xg,XQ) cTr X+ Tr X = 0} = 5u(3) 695u(2) D u(l).
The algebra has real dimension 8 +3 + 1 = 12.

Proof. The difference of two connections is a global adjoint-valued one-form. Differentiating the
unitary stabilizer condition gives the trace constraint and the stated decomposition. O

The source-preserving completion-control theorem below establishes pointwise curvature
accessibility in its declared control class. It does not prove that every spacetime connection field
is physically realized by the bare source.

10.3 Curvature, holonomy, and relational observables

Parallel transport along v is U, = P exp(— f,y A). For a closed loop, its matrix changes by
conjugation at the base point; traces and eigenvalues are frame independent. For a small
oriented loop, Uy = I — F,,05*" + --- with the area convention fixed by the loop orientation.
Curvature measures path-dependent comparison of temporal carriers. Non-Abelian behavior
requires noncommuting transport, not merely rank greater than one.

A connection need not realize its full structure group as holonomy. On a base of dimension at
least two, a local existence construction can place twelve smooth disjoint curvature patches along
one coordinate plane, one for each Lie-algebra basis vector T,. In radial gauge around each patch
center, A = %T o(zdy —ydx) locally gives F'(0) = T,dzAdy. Choosing paths outside other patches
transports these generators to one base point. Their span supplies full restricted holonomy. This
establishes existence of suitable connections, not saturation by the source-induced one.

11 Explicit curved carriers with fixed spectral protection

The finite clock alone has no spatially varying projector. To exhibit nontrivial transport, we now
specify additional carrier-embedding data over a smooth chart. The construction is an existence
model with controllable responses, not a claim that the clock forces this embedding.

11.1 Graph-projector realization

Let Z(x) be a smooth m x m complex matrix and put
I
Uz = <;> (Im + ZTZ)_1/2, Py = uZuTZ, Hyz = 6(Ioy — Pgz), &> 0. (20)

The rank-m zero-energy cluster is isolated by & everywhere, independently of Z. A realification
gives a real orthogonal model with a commuting standard complex structure. All complex scalars
can equivalently be regarded as elements of the selected C;.

Proposition 11.1 (Arbitrary matrix curvature at a graph origin). If Z(0) =0, then
F(0)=dz' ndZ.
For Z(z,y) = zI,, + yB, with Bt = —B, one has
Fpy(0) = 2B.

Thus every prescribed T € u(m) occurs as a local curvature coefficient by setting B =T/2.
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Proof. At the origin the derivative of the normalizing factor is zero, and du = (0,dZ). The
projected curvature is the antisymmetric part of du'du, giving dZt A dZ. Its zy coefficient is
I'B— B'I =2B. O

For a pair T' = (T3,T2) € gsc choose a graph for each block. At the origin total trace
curvature vanishes. Away from that point the raw graph connections need not have total trace
zero; the determinant-compatible correction in Section 10 produces a reduced connection. Since
the correction is central and the total trace of the origin curvature is zero, the prescribed origin
curvature is unchanged. This gives an explicit local witness for all twelve allowed Lie-algebra
directions. It is stronger than asserting that some curvature may exist, but it does not select a
unique physical source family.

11.2 Clock spectrum and carrier transport are distinct data

The graph Hamiltonian has a degenerate protected band, whereas the clock has unequal Fourier
frequencies. They should not be identified. One may embed the clock triplet isometrically as
us diag(wl,wg,u@)u}; with a sufficiently separated complementary band, preserving the clock
eigenvalues. Its projector geometry remains the same, but autonomous adiabatic transport
includes internal dynamical phases and possible splitting-dependent effects. The polar-overlap
comparison protocol below measures the cluster geometry directly. Interpreting it as physical
adiabatic transport requires either a degenerate carrier Hamiltonian or control of internal
evolution, such as an explicitly specified echo. A record map that forgets selectors does not by
itself erase a right Hamiltonian’s spectral splitting.

12 Which gauge directions can the temporal source access?

An allowed frame group is not, a controllability theorem. This section distinguishes variation of
the bare clock frame from variation of a retained open-completion embedding. The distinction
prevents a full Lie algebra from being inferred solely from its dimension.

Proposition 12.1 (Bare source-frame variation is geometrically flat). In the explicit clock of
Definition 5.4, let only the oriented source frame F(x) € SO(3) vary, with the cosine/sine copies
and fized line identified across the chart. Then the positive-frequency rank-three projector is
constant. The doubled real defect projector has a global real orthonormal basis with zero projected
connection. Its scalar extension through the constant selected phase algebra is also flat. Thus
source-frame variation alone does not generate the curved graph carriers of Section 11.

Proof. The frame change acts as diag(1, F, F') on Rug @ W, @ W;. All three oriented rotation
angles lie in (0, 7), so the polar phase acts by the same quarter-turn on each cosine/sine pair and
commutes with diag(F, F'). The positive-frequency projector depends only on that phase and
is therefore independent of F. For the defect use normalized real vectors d_(x) = (K '€,0)
and dy(z) = (0, K;€5) in the two doubled summands. Their diagonal inner products with their
derivatives vanish because they are real unit vectors; cross inner products vanish because the
summands are orthogonal. Hence their projected connection is zero, as is the connection after
scalar extension. O

This result concerns the stated restricted variation. General source conjugacies that mix fixed
and dynamic sectors can change the triplet projector, and additional completion embeddings can
change both retained carriers. Neither type of variation follows merely from choosing another
oriented quaternionic source frame.
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12.1 Source-preserving open-completion controls
Define an admissible completion-control class as follows:

(A1) The intrinsic marked source clock remains the seven-dimensional regular pair (Kp, ), up
to an isometric transport of its entire real source space. The no-spectator rule applies to
this intrinsic clock, not to every auxiliary record environment.

(A2) The selected triplet and scalar-extended doublet are embedded independently by smooth
complex-linear isometries ug : C?’, — (C?] and wuo : (C?, — Cfl,. The extra dimensions are
declared open-completion modes. Their physical existence is an added hypothesis.

(A3) The intrinsic source operators, real cut, record channel, and total-volume reference are
transferred consistently under those isometries. The source-compatible comparator includes
the declared determinant correction when needed.

(A4) At a chart origin the allowed embedding variations include Z,, = 1, + yB,, for arbitrary
anti-Hermitian B,,, subject to the paired source curvature direction 2 Tr B + 2 Tr By = 0.

A4 is a controllability hypothesis about the completion environment. It is stronger than the
original source axioms and can be tested independently of the source spectrum.

For clarity, transport of the intrinsic source clock can be made explicit. Regard its nonfixed
real sector as the underlying real space of C?’,. Let ¢, map its fixed line to a constant unit vector
and its nonfixed sector through the realification of us(z). Then

* *
Lply = 177 Kx|Raan = LxKOLma Qx = LxQO-

The marked orbit within this invariant source subspace remains regular with first return seven.
Complementary environmental modes do not enter its orbit. The real cut defects are obtained
inside that transported source subspace, extended through C;, and then mapped into the doublet
completion carrier by ue. This is an explicit interface isomorphism rather than identification of
doublet states with vectors inside the triplet.

The graph band Hamiltonians can maintain a fixed protective gap independently of the clock
spectrum. More specifically, for a fixed Hermitian carrier matrix h,, with spectrum separated
from 4, N

Hyp () = (@) hnti (2) + 6[1 — Py (2)]

has exactly the same eigenvalues and cluster separation at every point. The connection is
associated with the whole cluster; interpreting it as autonomous adiabatic evolution of a
nondegenerate cluster still requires control of internal dynamics.

Theorem 12.2 (Twelve-direction local curvature accessibility). In A1-A4, every T = (T3,13) €
s(u(3) ® u(2)) is the origin curvature Fy,(0) of a source-preserving completion family with
unchanged intrinsic seven-cycle and unchanged carrier eigenvalues. The control-to-curvature
map B — 2B is onto the twelve-dimensional algebra. In orthonormal Lie-algebra coordinates,
setting B =T /2 makes this map the identity.

Proof. Choose Z,, = I, + yT,,/2. Proposition 11.1 gives origin curvature T,,. Since Tr T3 +
TrT> = 0, the total-trace correction does not change that origin curvature. The isometric source
transport preserves the marked orbit and cut algebra, and the displayed cluster Hamiltonian
preserves eigenvalues and separation. The map is linear with full rank twelve. O

This proves pointwise accessibility in a declared completion-control class. It does not prove
that arbitrary spacetime connection fields, global topology, or a quantum measure are generated
by the bare source. Universal connection realization by Stiefel-bundle pullback is already a
classical result [6]; the present calculation is a finite constrained witness preserving the specific
source and defect interfaces.
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Corollary 12.3 (Stable accessibility under small control-map errors). Let Lo = I be the
normalized origin control-to-curvature map and let a perturbed real-linear map obey || L — Lo|lop <
e < 1. Then it remains onto, omin(L) > 1 — €, and a prescribed curvature direction can be
reached with control norm at most ||T||/(1 —¢).

Proof. ||Lv|| > ||v|| = ||(L—=1I)v|| > (1 —¢)||v||. In finite equal dimensions this implies invertibility
and the stated inverse-norm bound. O

Small perturbations must also preserve cluster isolation and the retained tensor conditions.
The estimate controls accessibility, not physical renormalization or gauge-field propagation. A
measured rank-deficient control map would reject A4 without changing the exact intrinsic source
recurrence.

13 Inner-time recurrence and the spatial-dimension gap

The SMM/DTT interpretation seeks to obtain spatial multiplicity from inner generation and
completed records. The seven-state recurrence here selects three positive-frequency modes and
one reset state, but matching these counts to three spatial directions and an outer time does
not provide a canonical displacement map: the reset state is not derived as a macroscopic time
coordinate, and a spectral mode is not a direction of motion between records. The quaternionic
source has a three-dimensional real imaginary module, and its reflection-odd clock output is
a copy of that module. Neither statement identifies it with spatial displacements between
completed records. The following independent counterexample makes the distinction precise.

Proposition 13.1 (Spatial dimension is independent of the finite clock). For each integer
q > 1, the seven-state source, scalar-extended defect, standard-form record channel, and retained
product-volume tensor admit a translation-invariant realization over a record graph with spatial
volume growth of degree q and random-walk return exponent q/2. The comparisons may be flat
in every realization. Consequently the finite source and declared local record operations do not
select three spatial dimensions, even when the outer records are assigned a common chronological
indezx.

Proof. Take G4 = (24, E,) with its nearest-neighbor edges. At each vertex use an identical copy
of the finite source, defect, and local channel from Sections 5 to 7. Equip each retained carrier
with the same total-volume tensor, and choose identity comparators along edges in a product
trivialization. These are tensor compatible and have trivial holonomy; a change of independently
chosen vertex frames gives the covariant links g, gy- No vertex records a distinguished internal
basis. The number of vertices within graph distance r is |B;(r)| = ©(r?). For nearest-neighbor
simple random walk, Fourier inversion gives

2n
1 1<
= — . q — _q/2
pon(x, ) G /[_Wm]q (q ;1 cos k:l) d% = ©(n~9*).

The exponents vary with ¢, while all finite source and channel identities remain the same. Copies
indexed by an additional discrete outer time n preserve the same conclusion on each chronological
slice; the index alone specifies neither a Lorentzian metric nor a causal light cone. O

The counterexample does not say that g-dimensional graphs are generated by DTT. It
shows that the present axioms leave their adjacency unspecified. If a microscopic update is
proposed to form adjacency rather than assuming it, its dimension claim should pass the following
independent tests:

28



(D1) Derived record graph. Define completed events, a source-induced relation of causal
influence or finite-range comparison, and its adjacency and edge weights using the micro-
scopic update alone. Prove that the rule selects a robust large-scale graph class without
stipulating a cubic lattice.

(D2) Spatial scaling. For growing finite graphs of linear scale L and ©(L3) vertices, prove
| Bz (1)| < r® on expanding ranges 1 < r < L, and for a specified unbiased diffusion prove a
corresponding return law pop (z, ) =< n=3/2 for 1 < n < L?, with uniform constants away
from boundaries. The second exponent is the spatial spectral dimension diagnostic, not
the dimension of the seven-state Hilbert space [15]. Neither scaling law by itself establishes
a smooth three-manifold.

(D3) Source-to-displacement map. Construct from the same update an operational dis-
placement or coframe map into the reflection-odd source module Wy ~ Im H. Prove that
its continuum limit has rank three, a nondegenerate metric induced by the quaternionic
norm, and transition functions that identify source SO(3) with rotations of spatial tangent
frames. Without this map, the SO(3) of Lemma 6.1 remains an internal output isotropy.
Verify in the joint record channel that the spatial source-frame action and the retained
internal right-frame action remain independent: the coframe must not select a preferred
mixed spatial-internal tensor that reduces the claimed gauge stabilizer.

(D4) Causal limit. Derive chronological ordering, an appropriate local causal propagation
rule, and a four-dimensional Lorentzian continuum with three-dimensional spatial slices.
Establish this limit in addition to the two spatial scaling tests; a discrete clock or a
separately attached time index does not imply a causal metric.

These are proof obligations, not results of the present finite construction. They also keep distinct
the split-complex temporal symbol j, when used in DTT with j2 = +1, and the selected ordinary
complex phase J with J?2 = —I in Section 6. The powers of j alternate between 1 and j;
without an additional dynamical representation they do not generate three spatial displacement
directions. A bridge between these two structures must specify its action on completed-event
correlations and establish the spatial and causal limits above.

13.1 An operational displacement criterion

To turn the source module into space, attach to a comparison history a displacement £(h) €
W =ImH. In a flat spatial presentation require

§(hohy) = &(h2) + &(h), E(h) = —¢(h). (21)

This is a candidate dynamical output, not a definition of spatial dimension. If it vanishes on
closed spatial comparison histories, it integrates to f(v) = {(ho—v), independently of the path.
Nonzero translational periods require local charts or a covering space. With varying spatial
frames, the addition law uses the appropriate spatial parallel transport; the flat formula does
not impose zero gauge curvature on the independent internal carriers.

Proposition 13.2 (A sufficient three-dimensional growth criterion). Suppose a connected
bounded-degree record graph admits a map f :V — W with uniformly bounded fibers, whose
distinct image points are uniformly separated and form a relatively dense subset of W. Assume
constants a > 1,b > 0 satisfy

atdr(v,w) —b < |f(v) — f(w)| < adr(v,w) +b.

Then its graph balls obey |B,(r)| < > for large r.
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Proof. The right inequality places the image of a graph ball in a Euclidean ball of radius ar + b.
Uniform separation bounds the number of image points there by a constant times 73, and
bounded fibers give the same upper bound for vertices. Relative density supplies a constant
times r3 image points in a Euclidean ball of suitably smaller radius around f(v). The left
inequality puts preimages of those points inside the graph ball after decreasing that radius by a
fixed factor and additive constant. This proves the lower bound. O

The proposition explains why a source-derived map would matter: an operationally faithful,
noncollapsed displacement geometry transfers the source’s dimension to record growth. Merely
writing a map into W is insufficient. Relative density, bounded fibers, and the two-sided distance
control are substantial dynamical requirements. They exclude hidden macroscopic directions
and collapsed or space-filling encodings.

Diffusion is a second test. In the explicit translation-invariant case, let a symmetric finite-
range lazy walk on Z? have step probabilities p(s), with p(0) > 0, generating support, and
positive covariance > = Y _p(s)ss’. Its characteristic function is

p(k) =1 — 3kTSk + O(|k[*).

Fourier inversion, exponential suppression away from k = 0, and the change k = n~/2¢ give
1
(27n)3/2¢/det 3

This is a self-contained diffusion witness, not a claim that temporal generation has already
produced its lattice or step distribution. On irregular networks one must prove appropriate
heat-kernel control; volume growth alone does not rule out bottlenecks and anomalous diffusion.

An additional smooth limit can turn £ into a coframe e : T — W of rank three. Then
h(X,Y) = (e(X),e(Y))w is a spatial metric. The source SO(3) acts on this coframe, while the
independent right S(U(3) x U(2)) action acts on internal fibers. Deriving this factorization is
indispensable: equating spatial rotations with the weak gauge group would change the physical
symmetry rather than explain it.

pn(oa 0) ~

(22)

13.2 Completion delays give a cone after displacement is defined

Suppose a completed history has displacement bounded by a length budget, |{(h)| < L.w(h),
and completion delay ©(h) satisfying ,w(h) < ¢,©(h). Then

E(h)] < c.O(h). (23)

The proof is the composition of the two inequalities. This is the completion-cone construction of
[9], restated after its displacement input. Finite-range many-body propagation bounds provide
possible microscopic precedents [33, 34|, but an exponential Lieb—Robinson tail is not an exact
relativistic light cone and its velocity is not automatically the speed of light.

If a smooth nonvanishing clock one-form ¢ and rank-three spatial coframe exist, then
g = —c29% + Zf’:l(ei)2 is Lorentzian when these four forms are independent. This is a
conditional representative of the cone. It does not establish that all matter species share its
limiting speed, that boosts are dynamical symmetries, or that the metric satisfies a gravitational
field equation. Those are separate tests of a physical continuum limit.

13.3 A dimension constraint from electric and magnetic completion

A complementary route constrains dimension from the kinds of sources that a gauge field
can support. It uses the degree counting of ordinary differential-form gauge theory [35]. The
conclusion is conditional on a continuum description and on the actual existence of the stated
defects.
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Theorem 13.3 (Point electric and magnetic sources select four spacetime dimensions). In an
oriented spacetime of dimension D, let A be a p-form gauge potential with field strength of degree
p+ 1. An electrically charged object has spatial dimension p — 1, while an ordinary localized
magnetic source has spatial dimension D —p— 3. If both are point particles for the same one-form
gauge sector, then D = 4. Equivalently, electric and magnetic potentials can both be one-forms
only in D = 4.

Proof. Electric coupling integrates A over a p-dimensional worldvolume, so its spatial dimension
is p — 1. Magnetic charge is the flux of F' through a linking (p + 1)-sphere. A defect of spatial
dimension d,, in a (D — 1)-dimensional spatial slice has linking sphere dimension D — d,,, — 2,
hence d,,, = D — p — 3. Pointlike electric charge gives p = 1; pointlike magnetic charge then gives
0 = D — 4. Alternatively, the dual field strength *xF" has degree D — p — 1, so its local potential
has degree D — p — 2; setting both potential degrees to one again gives D = 4. O

The degree-counting theorem is standard, not a new property of DTT. The proposed
foundational use is more specific: if a pre-geometric completion rule produces both electric and
magnetic defects by the same point-record mechanism, and its continuum field is an ordinary
one-form, the dimension is constrained without first stipulating three spatial axes. To make that
use noncircular, one must derive both point-source properties from the update rule. A single
pre-spatial source does not by itself imply a pointlike magnetic defect, and gauge theory does
not in general require dynamical monopole particles. Higher-form gauge fields, extended defects,
and sectors without magnetic particles remain alternatives.

This constraint and Proposition 13.2 answer different questions. The first restricts a contin-
uum dimension if a particular source duality exists. The second tests whether completed records
actually have the required macroscopic geometry. A credible dimensional reconstruction should
make them agree using the same microscopic rule, rather than substituting either for the other.

13.4 Compact phase, topology, and the limits of a single sphere

For a continuous compact U(1) line bundle with connection, magnetic flux through a two-sphere
is integral in the convention % J g2 [ € Z. On two hemispheres, Stokes’ theorem reduces this
integral to the winding of the equatorial transition function. A fixed finite group of phases
has only locally constant transition functions; over S? it cannot supply a nonzero first Chern
class. The seven-state source can select a continuous complex scalar structure, but a nontrivial
continuous phase atlas remains global data, not a consequence of the seven labels alone.

Nor can every Abelian field be represented by a single endpoint map n : X — S2. If f = n*w
for a two-form w on the sphere, then

fAf=n"(wAw)=0.

General four-dimensional Abelian fields need not obey this condition. Likewise the square of the
pulled-back first Chern class vanishes. A single Hopf-sphere endpoint construction is therefore
a restricted carrier class, even though histories of sphere paths can realize many holonomies.
Larger carrier spaces or genuinely retained transport data can remove the pointwise restriction;
their global topology must still be checked.

14 Finite records, overlap links, and comparison curvature

Let u, and u, be orthonormal frames for nearby rank-m retained spaces. Define the overlap
and its unitary polar factor by

Mzy = “I:uyv Way = Mxy(MzTnyy)_lﬂ- (24)
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The link is defined whenever M, is invertible. For sufficiently close projectors this follows from
the principal angles being less than /2. Singular overlaps are outside the admissible comparison
regime.

Proposition 14.1 (Optimal metric comparison selects the polar link). For an invertible
overlap My, its unitary polar factor is the unique minimizer of || Mgy — V|lus over V € U(m).
Equivalently it minimizes ||uy — uz V| us.

Proof. Both squared objectives depend on V only through —2 Re ’H(VTM ). Write M = LYR'.
For unitary V, put Q = LTV R. Then Re Tr(VIM) = 2. 0j ReQj; < >_;0j. Since all o; > 0,
equality forces every Q;; = 1, and unitarity forces () = I. Thus V' = LR, the polar factor. [

The metric-optimal polar factor is established matrix analysis [7]. Once a common ambient
inner-product geometry and nearest-unitary comparison are selected, the retained overlaps
determine a unique discrete comparator. Its infinitesimal limit yields the projected connection.
The selection of this metric comparison protocol is an assumption, but its connection law and
local coefficients are outputs. A physical derivation must show why this protocol describes
completed records.

Theorem 14.2 (Exact discrete gauge covariance). Under independent frame changes uz — Uz,
Uy — Uy Gy,
ny — Q;nygy-

For a closed polygon C = (xo,...,xn = xg) the product
We = onm e W$N71SE0

changes only by conjugation at xo. Its traces, spectrum, and real trace deficit are frame indepen-
dent. Along a smooth short displacement,

Wearde = I + Apda’ + O(|dz]?).

Proof. My, = gleygy and functional calculus gives (M'tM')~1/2 = gz];(MTM)_l/ng. Interme-
diate frames cancel in a closed product. Since ul@uum = A, is anti-Hermitian, the first-order
overlap is already unitary to that order. O

These products compare the endpoint frames back to the starting frame. Their continuum
orientation is inverse to forward state transport Pe™ J' A the curvature sign reverses under loop
reversal, while the trace cost below does not.

14.1 Determinant-compatible discrete links

Raw block polar factors need not satisfy det Wsdet Wy = 1. On a small-link chart choose
0.y = Arg(det W5 det W3) continuously near zero and set

W3 = e_ww/SWg, Wy = e_wxy/5W2.

Their total determinant is one. Under source-adapted frame changes, the total determinant and
its selected small-link branch are invariant, so the links retain exact covariance. The continuum
correction is precisely subtraction of the total trace divided by five. Large links and nontrivial
global bundles require compatible patching; a fifth-root branch is not automatically global. This
explicit correction is an imposed source-compatible comparison rule, not a property of every
uncorrected spectral overlap.
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14.2 A primitive single-carrier loop test generates the comparison cost

The loop cost can be grounded in a specified comparison experiment before assigning it energy.
Prepare a carrier in an unpolarized state p,, = I,,/m and a two-path auxiliary probe in |+).
Apply W), to the carrier in one path and identity in the other, then measure the probe in the
|£) basis. The probe supplies a declared comparison reference; it is not the phase register whose
selector coherences are erased.

Proposition 14.3 (Isotropic single-carrier comparison rejection). The rejection probability is

1 1
p—,m(Wp) = 5 |:1 — mReTer] .
The mazimally mized input is the unique density matriz invariant under all adapted block frames.
If independent loop comparisons in block m incur penalty 2me,, per rejection, their mean penalty
is exactly Kpy[m — Re Tr W).

Proof. The off-diagonal probe density-matrix entry is Tr(p,,W})/2 up to complex conjugation,
so the minus-port probability has the displayed form. By irreducibility of each SU(m) defining
representation, a density matrix invariant under all its frame transformations is scalar; unit
trace fixes I,,/m. Multiplication by the stated rejection penalty gives the cost. O

Thus the trace functional is an output of one explicit isotropic single-carrier interference
protocol. The existence of that protocol, its reference, independent additive penalties, and any
energy interpretation are assumptions. Collective determinant probes, multi-carrier tests, or
nonlinear classical processing can generate additional invariant costs. The result neither assumes
a gauge-field kinetic action nor derives the cost coefficient from temporal unity.

14.3 An explicit comparison cost and its curvature limit

For a four-dimensional Euclidean cubic record lattice of spacing a, use source-compatible links
and define the elementary plaquette product me in each block. Choose the local comparison
functional
E, = Z Z Km [m — ReTr vam} , Km > 0. (25)
P me{3,2}

For a unitary loop comparator,
m = ReTr Wy = §[1m — Wl

Thus the functional sums squared metric discrepancies between identity comparison and closed-
loop comparison. This is the mean rejection penalty of the primitive protocol. Assigning those
penalties physical energy, and selecting their coefficients, are additional microscopic assumptions.
It is a Wilson-type functional [13]. Introducing it does not constitute an independent derivation
of the Wilson action from DTT alone.

Proposition 14.4 (Positive curvature cost from polar-overlap comparison). For smooth source-
compatible carriers and uniformly admissible short overlaps,
!

5 | Epwanls + O(a®).

m—ReTer,m =3

On a fixed smooth four-dimensional region the leading continuum functional is
1 4 2
fo= [t S [l Fwallhs + ol Fu

pu<v

[fis] - (26)

33



Proof. The logarithm of the unitary small plaquette is a*F, v + O(a®), anti-Hermitian. The real

trace of its linear term vanishes; its quadratic term is a* Tr(F?)/2 = —a*||F||%44/2. Higher cross
terms begin at order a®. Multiplication by the number of plaquettes per physical volume, of
order a~*, yields the displayed Riemann sum limit. O

The limit is a deterministic smooth-field limit. It does not construct a quantum path-integral
measure, establish regulator-uniform correlation bounds, or prove a Yang—Mills continuum theory.
Four-dimensionality is assumed here rather than derived from the record graph. A different
microscopic cost can produce additional terms or different coefficients.

14.4 A falsifiable coefficient relation within the two-block cost model

Write the central part as F3 = F:? —2ifls, Fp = F20 + 3if I3, with traceless anti-Hermitian F
and real two-form f. Then

1F51% = I ESII + 122, (27)
1F2]? = [ F7|1* + 182, (28)

Consequently the pure central stiffness in the chosen normalization is
k1 = 12k3 + 18ks. (29)

This is a two-parameter model constraint and can be tested by comparing infinitesimal trace-
deficit costs in the two traceless sectors and in the central direction. General gauge-invariant ef-
fective actions admit an independent central coefficient, for example from a separate determinant-
plaquette cost. Hence failure of (29) rejects this particular two-block comparison-cost model,
not gauge symmetry or SMM/DTT in general. Renormalization need not preserve the relation.
The coefficients are not identified with observed gauge couplings.

14.5 Exact stability class and an independent-cost diagnostic

Let the quadratic response functional for one curvature component be Q(F'). In the primitive
independent-block class,

Q(F) = k3| Fsllfis + rell F2lfis, Km > 0.

The central stiffness residual is
C = K1 — 12,%3 - 18%2. (30)

Theorem 14.5 (Closure of the primitive quadratic response class). Any correction that changes
only the independent block test rates or positive rejection penalties, and any analytic cost addition
with zero Hessian at identity, preserves C = 0 at quadratic order. This includes arbitrary
independent changes of k3 and ko. It does not include every gauge-invariant correction.

Proof. Changes of block rates or penalties retain the two-trace form. Analytic additions with
zero Hessian do not alter its quadratic coefficients. Expanding along the central generator gives
the factors twelve and eighteen, so the residual is identically zero throughout this class. O

This is a structural closure result, not a radiative Ward identity. In an arbitrary quantum
field theory, fluctuations may leave this cost class.

Proposition 14.6 (The missing invariant and its measurable coefficient). For a constant gauge-
invariant positive quadratic form on the declared Lie algebra, the most general response can be
written

Q(F) = k|| F3||” + kol | Fal|* + x| Tr F3 .
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Here k3, k9 > 0 and the central coefficient must remain positive. Its residual obeys
C = 36y.

Thus a nonzero residual measures an additional central comparison cost that the primitive
independent-block protocol does not contain.

Proof. The compact Lie algebra decomposes into two nonisomorphic simple ideals and one
central line. An invariant symmetric quadratic form has independent coefficients on those
three summands and no cross terms between them. The two full-block traces span a two-
dimensional subspace of these forms. On the central direction F3 = —2ifI3, Fo = 3ifIs, one has
| Tr F3|? = 362, which supplies the third coefficient. O

x may be negative provided the total central coefficient is positive; it is not by itself a
separate positive penalty. Additional invariant terms are not forbidden by gauge symmetry.

Proposition 14.7 (Sharp small-error bound for the stiffness residual). Use the direct-sum
Hilbert-Schmidt norm, and let Hy be a primitive invariant quadratic-response Hessian. If another
invariant Hessian satisfies |H — Hollop < 1, then

C| < 60.

For measured coefficients with absolute calibration errors €1, €3, €a, the measured residual differs
from the true residual by at most €1 + 12e3 + 18¢,.

Proof. The central generator idiag(—2I3,3[3) has squared norm thirty. Hence |dk1| < 30n,
whereas each unit-normalized simple-sector coefficient changes by at most n. The triangle
inequality gives 30m + 12n + 18n = 60n. Invariant shifts of +n on the normalized center and —n
on both simple ideals attain the bound when baseline positivity margins allow them. Calibration
errors give the second bound by the same weighted triangle inequality. O

Here H denotes the operator representing the quadratic form Q(F') = (F, HF'), not twice
that operator under an alternative calculus convention. This specification fixes the factor sixty.
The bound is meaningful only with an independently assessed correction budget n and the stated
normalization. It does not predict the numerical sizes of observed gauge couplings.

15 Leakage, curvature, and the cost of temporal comparison

The same projector that determines curvature also controls the loss under successive projections.
Put
2
By,=(I—-P)0uu,  qu=|Bullis-

For a displacement ¢ in direction u,
Tr[I — MTM] = €2q, + O(é3). (31)

The left side is the total projection loss summed over an orthonormal initial carrier basis, not its
normalized average; divide by m for a maximally mixed state’s loss.

Theorem 15.1 (Curvature bounded by cross-direction projection leakage). For a smooth
Hermitian projector bundle,

Fu = BB, = BIBy,  |[Fulus <2y (32)
Consequently an uncorrected polar-overlap plaquette satisfies

m — ReTr W, < 2aq,q, + O(a®).
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Proof. The curvature identity follows by inserting I — P between frame derivatives. The Hilbert—
Schmidt product estimate gives HBLB,,HHS < ||Bullus||By|lus, and the triangle inequality gives
the bound. The plaquette statement follows from its quadratic expansion. ]

This inequality tests whether a measured loop signal and measured projection losses can arise
from the same smooth retained projector. It is a geometric constraint, not a DTT-exclusive effect.
For the determinant-corrected pair the blockwise bound need not persist separately, because
curvature is redistributed centrally. In the direct-sum Hilbert—Schmidt norm the correction is
orthogonal projection onto the total-trace-zero algebra and cannot increase the pair’s norm;
hence the corresponding sum-of-blocks bound survives.

For the graph model at its origin, B, = I, By = B, so ¢, = m, g, = | B||* and F,, = 2B.
The gap 0 remains fixed while the curvature varies. Thus a nonzero curvature signal is compatible
with spectral protection and does not require gap closure.

16 Finite-record predictions beyond the seven-cycle ratio

Each prediction in this section is conditional on a completely specified projector or record
channel. None is advertised as a numerical Standard-Model prediction. The advantage is that
failure has a clear mathematical interpretation and need not be absorbed into an unspecified fit.

16.1 Latitude-loop phase and projection survival

Take a rank-one carrier in C?,

u(d, ) = (65(,0;11(';/;/)2)) . b=sin(d/2). (33)

Its connection and curvature are
A=ibdp, F= %sin 9d9 A de.

This is a standard Berry-type carrier [12]; the finite-count formulas below specify the chosen
discrete record protocol. For N equal steps at fixed latitude, h = 27 /N and

my =1— b+ be'.

Proposition 16.1 (Exact phase and survival law). For nonsingular links with a continuous
phase branch, the unwrapped polar-link loop phase and successive-projection survival probability
are

Oy = N Arg(1 — b+ be*™/N), (34)
Sy = [1 = 4b(1 — ) sin®(x/N)] ™. (35)
For fized b and large N,
(27)° 4
Oy =2mb — e b(1 —5b)(1 —2b)+O(N*), (36)
472 _3

Thus the geometric phase error is generically N2 while the projection loss is N 1.
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Proof. Every overlap is the same my. Multiplying its unit polar phase yields the first formula,
while multiplying the squared moduli of the rank-one projection amplitudes yields the second.
The imaginary Taylor series of log(1 — b + be*) gives the phase expansion. Expanding log[1 —
4b(1 — b) sin?(7/N)] gives the survival expansion. O

At b =1/2 the leading phase error vanishes and, for N > 2, the unwrapped phase is exactly
m. At b= 0,1 survival is one. These degenerate cases should not be used to infer a generic error
exponent. Finite overlap singularities are detected by the survival formula itself. Projection
survival assumes an ideal sequence of projective comparisons with internal dynamical phases
controlled. It is not the probability law of an arbitrary dissipative record process.
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Figure 1: Calculated finite-record errors for b = 1/4. The exact discrete phase converges with
inverse-square record count, while projection loss converges with inverse record count. Lines are
asymptotic formulas, not fits to physical data.

16.2 An exactly determinant-linked central carrier family

Let L be the latitude line bundle with connection a. Form retained blocks

By= (L)%, B= (1)

Here negative powers use the Hermitian dual connection. Then
det Bs@det By = L %@ LS =~ C,

with a canonical parallel pairing tensor. This provides an explicit global realization of the total
determinant condition for this central family. It does not prove global descent for an arbitrary
seven-cycle source family. Its connection is A3 = —2als, Ao = 3als, so both local curvature and
all total-determinant periods cancel exactly.

The tensor-power overlap protocol gives block links with phases —2 and 3 times the line-link
phase. For a loop of line comparison phase &,

Wiy =e 213, Wy =1,

The sign convention is that of endpoint-frame comparison, rather than forward state transport.

Proposition 16.2 (Central Wilson-defect ratio). Define D,, = m — ReTrW,,. Whenever
D3 7£ 0,

Dy 2[1 —cos(32)] 3 ] 5

12

D3 3[1—cos(2®)] 2 ¥+ 02

(39)

Proof. The traces are 3 cos(2®) and 2 cos(3®). Expansion of each cosine gives the ratio and its
first correction. O
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The limit 3/2 follows from the rank-weight factors 18/12, not from a particle charge mea-
surement or a gauge-coupling ratio. The individual central module weights are not quark or
lepton hypercharges. The ratio is undefined at denominator zeros, and finite loops need the
exact formula rather than the small-loop limit.

For a latitude loop with b = 1/4 the continuum line phase is 7/2. The exact trace deficits
then give D3 = 6, Dy = 2, and Dy/D3s = 1/3. The same family’s infinitesimal-loop ratio is 3/2.
This contrast is a useful check that finite holonomy should not be mistaken for its curvature
approximation.

16.3 Selector and phase-register timing laws

The carrier-selector semigroup has exact unwanted-selector decay e~?m!, whereas separate volume
coherences decay e~ 187¢* and the product coherence remains fixed. These rates belong to different
channels and need not coincide. Measuring only one time scale cannot establish the other’s
normalization. Adding an independent total-phase noise channel would attenuate the product
reference and invalidate the assumed determinant retention; its absence is therefore a testable
implementation condition.

16.4 What would count as a physical prediction of SMM /DTT?

The present predictions concern specified finite models. A claim about nature requires an
independently identified physical carrier, a map from laboratory or spacetime controls to Z(x)
or (¥,¢), and a calibration of comparison spacing and response normalization. DTT must
select these identifications rather than merely accommodate an observed phase after the fact.
Distinguishing predictions from implementation checks is essential: the exact formulas make the
model testable, but do not by themselves establish that nature implements it.

17 Microscopic completion model I: compact rotors and gener-
ated cycles

We now specify a Hamiltonian with no bare plaquette term. Its intermediate states can carry
incomplete endpoint charges; completion returns to the neutral sector. Virtual closed transfers
then produce magnetic loop energies. This is a concrete realization of a proposed temporal
interface, not a derivation of the Hamiltonian from the finite clock. Rotor and virtual-loop
mechanisms are established in emergent and simulated gauge theory [22, 36, 37].

17.1 Link and vertex registers

Let I' = (V,€) be a finite oriented simple graph. Choose incidence matrix D with 41 at the tail
and —1 at the head of each edge. The Hilbert space is

H=L*(U1)* xU(1)"), In,m), neZ¢ meZ’.

Link multiplication U, = e raises n, by one. A vertex raising operator b:r, = €'% raises m, by
one. For e = (u — v) define

A A
L= Ul H =33 mi+ 53 nt =53 0+ T)), (40)

where A > 0, k > 0, and A > 0 have energy units. The hopping is bounded, so this Hamiltonian
is self-adjoint on the domain of its nonnegative diagonal part and is bounded below.
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Proposition 17.1 (Exact constraint preservation and reduced register). The commuting
operators G, = my, — (Dn), commute with H. In their common zero sector, the isometry
I|n) = |n,m = Dn) gives the exact reduced Hamiltonian

A K A N
Hyea = 51|00l + ZlInll* — Z;(se +55),  Seln) =|n+ee). (41)
Proof. T, changes n by e, and m by De,; it therefore leaves every G, unchanged. The diagonal
terms also commute with them. Every integer link assignment has exactly one vertex assignment
in the zero sector, namely m = Dn. Substitution and the transfer rule give the reduced
Hamiltonian. O

The Hamiltonian preserves all charge sectors. Selection of the zero sector uses invariant
sewing or a specified initial condition; it does not follow from commutation alone. At small A\/A,
the subspace Dn = 0 is the unperturbed completed sector. This is distinct from the exact Gauss
sector, which also contains states with m = Dn # 0.

17.2 The first contribution of a simple cycle

Set k = 0 for the following coefficient calculation. A proper nonempty subset S of the edges of
an oriented simple cycle has ¢(.S) occupied path components. Its charge configuration has two
unit endpoints per component and energy Ac(S). Let W shift n by one oriented circulation
around a cycle C' of length L.

Theorem 17.2 (Generated leading-cycle coefficient). At its first possible perturbative order, the
contribution proportional to We and its reverse is

. L
HY = - <2LL N f) (X/LQ_)l (Wo + W¢). (42)

This is a finite-order coefficient at k = 0, not a claim of a convergent thermodynamic expansion
or of a Coulomb phase.

Proof. Reaching the target circulation in L transfers requires each of its L edges once in the
chosen orientation. Every proper intermediate subset is charged, so no intermediate return to
the completed sector occurs and folded neutral-return terms cannot produce this circulation at
this order. For a proper subset set

|S|

FS)= 3 HC(;k), F(o) = 1.

orders of S k=1

Removing the last transfer gives F(S) = ¢(S)™' Y cq F(S \ {e}). If the occupied components
have lengths n1,...,n., induction and the Catalan recurrence C,, = Zf;& CrChi1_r, Cp =1,
give F(S) = Hj Cp,. Indeed deleting an edge in component j splits it into two paths, and
summing its positions gives Cy,,; summing over j cancels the factor ¢(S5). Choosing the last edge
of the full cycle leaves one path of length L — 1. Thus the denominator sum is LCy_1 = (QLL__IQ).
There are L negative hoppings and L — 1 negative energy resolvents, giving total sign minus and

the energy power displayed. Reverse orientation gives the adjoint term. O

For a square, sixteen transfer orders have three intermediate costs A, and eight have costs
A, 2A, A. Their dimensionless denominator sum is 16 + 8/2 = 20. Hence

4 5)\4 *
Hé) = —@(WD + W), (43)
54 63\ Kg 63 /)2
K4 - @7 Kﬁ - 8A5 ) E - % (A) . (44)
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Here K is the coefficient of 1 — cosf¢, after adding an irrelevant constant. The square
coefficient agrees with an existing compact-rotor implementation after matching the charging-
energy convention [39]; it is not claimed as a newly discovered ring exchange. The ratio concerns
the first coefficient of a specified siz-edge circulation. 1t is not the whole sixth-order magnetic
response: square renormalizations, other paths, and finite-x denominators must be computed
separately.

17.3 Normalizable finite-region records require flux control

Theorem 17.3 (A circulation symmetry obstructs an induced electric penalty). If D¢ =0 for a
nonzero integer circulation, define Wyln) = |n+¥¢). At k=0,

[Hea: Wil = 0, [In]l®, Welln) = (2n - £+ [[€]*)|n + €).

Any exact reduction intertwining these translations preserves their symmetry. It therefore
cannot generate a standalone positive U||n||?/2 term while all remaining terms commute with
the translations.

Proof. The diagonal imbalance energy is unchanged by n — n-+/£, and all the link shifts commute.
The displayed commutator follows by evaluating the number-square operator in the integer basis.
Compressions and complementary resolvents inherit a commuting symmetry whenever their
projection and domains preserve it. O

Corollary 17.4 (Finite thermal trace distinguishes zero and positive flux penalty). On a finite
graph with a nonzero integer circulation, Tre PHred = o0 at k = 0 for every B > 0. For k > 0
the Hamiltonian has compact resolvent and

€]

Tr efﬁHred S eﬁ"g‘)‘ Z 675’{]’2/2 < 0. (45)
JEZL

Proof. At zero penalty all diagonal heat-kernel entries along n + jf, j € Z, are equal by
the translation symmetry. They are strictly positive because e ## is a positive injective
operator. Summing this infinite orthonormal sequence gives an infinite trace. For positive k the
diagonal operator dominates x||n||?/2 and has compact resolvent. The hopping norm is at most
|€|A. Bounded perturbation and the min-max principle bound its heat trace by the displayed
product. O

If normalizable equilibrium in finite completed regions is required, the unmodified kK = 0
cyclic rotor model is excluded. Within (40), every positive £ works: normalization does not
select its value. Other circulation-confining energies can also work, so this is not a uniqueness
theorem for the quadratic penalty. The condition concerns an unbounded flux register on a
graph with cycles; it is not a theorem about every gauge realization. Hard flux cutoffs break the
exact translations and cannot be used to infer a physical electric stiffness of the untruncated
zero-penalty model.

17.4 Inner histories and a positive imaginary-time sum

For A\ > 0, expand the semigroup of Hyeq = V(n) — %  (Se + S%) in its hopping. A matrix

element is a sum over integer-register paths, with r jumps at ordered times 0 < s1 < --- < s, < f3

and weight T
(;) exp [— /Oﬁ V(n(s))ds].

40



The bounded hopping ensures the Dyson expansion converges on finite time intervals. Each path
is a generative transfer history; fixing its completed endpoints produces the semigroup matrix
element. This is an exact representation of the specified Hamiltonian. It does not select A, k, A,
turn imaginary time into an extra physical clock, or demonstrate a four-dimensional mass gap.

17.5 What this model establishes

Incomplete charge configurations mediate a calculated magnetic term; finite-region normalization
motivates control of otherwise unconfined circulations; and constraint preservation is exact.
These are three different statements. The model leaves the graph, charge sector, Hamiltonian,
and parameters as inputs. A photon phase, relativistic dispersion, and a continuum limit require
separate estimates. In a three-dimensional weak-field Maxwell regime with renormalized electric
and magnetic coefficients kg, Kp, the conventional lattice normalization gives cog = av/krKp/h
and ggﬁ = /kr/Kp. These are matching relations under that regime, not numerical predictions
of the finite source. The freedom in their ratio is consistent with Proposition 2.4.

18 Microscopic completion model II: non-Abelian singlet loops

The Abelian denominator count must not be transferred to non-Abelian matter without checking
its representation contractions. We instead give a finite auxiliary model whose contraction is
explicit. It generates the two-block trace cost from a Hamiltonian with no bare loop energy.
This extends the paper from an imposed comparison penalty to a calculated leading interaction
in a specified microscopic model. The general virtual-loop method is established [37, 38]; the
construction below spells out its compatible 3 + 2 interface and normalization.

18.1 The retained link variable and the singlet auxiliary space

Fix an oriented four-edge cycle with vertices 0,1,2,3. On each edge place go € Gge, with
defining block representations U, y, € U(m) for m = 3,2. Their product determinants are one on
each edge. These are variables of the construction; their group is supplied by the earlier record
stabilizer. For one block let

3
Kim=EDEn;®E}Ly  dimkK, =4m>. (46)
j=0

The first factor is a mobile carrier, while its dual reference stays at the root. The normalized
identity tensor at vertex zero is

1 m
|Sm>:7 ‘O,CL>®|C_L>, Pm:|5m><5m|, Qm:I*Pm
i 2

This singlet is basis independent. It supplies a physical local carrier—dual contraction, rather
than an averaging over an arbitrary color state after a calculation.

For a directed edge j — j + 1 (indices modulo four), let T} ,, move the carrier with matrix
Ujt1,5:m and act as identity on the dual factor. It vanishes on the other position summands.
Define

3
Hu(9) = AmQm + Vin(9),  Vin(9) = ~tm > _(Tjum + Tjm)s A > 0. (47)
j=0

All unwanted positions and root nonsinglets cost A,,. This is a chosen singlet-binding and
displacement penalty; it is not identified with the seven-clock frequency. The graph degree is
two, so [|Vin|| < 2|tn|. For |t,| < Ay, /4, the single eigenvalue continuing the unperturbed zero
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level remains isolated from the other eigenvalues, uniformly over the compact link configurations.
This follows from the perturbative intervals [—2|t,, |, 2|ty |] and [Ay, — 2|t ], Am + 2[tm]].

Under an active frame change h;, the auxiliary transformation on the jth summand is h; ® ho
and Uj1,j = hjq Uj+17jh;1. The singlet at zero is invariant, and every term in the Hamiltonian
transforms covariantly. Thus it defines a gauge-invariant operator when the links are quantized
together with these auxiliary charges. The root’s position is chosen, but no root color frame is
chosen.

18.2 An explicit fourth-order calculation

Let Wy, = Up 3:mU3,2:mU2,1;mU1,0;m be forward transport around the cycle. Reversing orientation
replaces W,,, by W, and leaves its real trace unchanged.

Theorem 18.1 (A generated non-Abelian two-block loop energy). For the Hamiltonian (47),
its isolated low-energy eigenvalue has the uniform small-t,,/A,, expansion
212 2th
A, mA3

Eplg) = [m — Re Tr W] + 0(’5?71) . (48)

AL,
Independent triplet and doublet auziliaries therefore generate, at this order, the cost (25) with

2t}
1 It It 1

o © = m—A’%L >0, %P =12k + 18k5°P. (49)
The n%%‘)p here have energy units. Matching them to a Fuclidean action additionally requires a
time discretization and its normalization.

Proof. Suppress m and write s = s;,, P = P, @ = Qm, t = ty,. There is no first-order
contribution. Set az = (s, VQVs) and aq = (s, VQVQVQV's). The second-order term is —ay/A.
The scalar Feshbach equation for the isolated level is

E=(sVQE-A-QVQ)~'QVs).
Expanding it through fourth order, including its dependence on F, gives

2
E=—-———-—=+4+-5+0({"/A%).
There are two outgoing edges from the root and each backtrack is unitary, so as = 2t%. A two-step
return to the root is exactly in the singlet and is removed by the intermediate ). The surviving
four-step paths are the two retracing excursions 0 1 —-2—-1—-0and 0 -3 —2 — 3 =0,
each contributing ¢, and the two oriented cycles. The singlet contraction satisfies

1
Wl)s)y=—TrW,
(s, (W @ D)s) = - Tr W,

s0 a4 = t*[2 + 2Re Tr W/m)]. Substitution proves (48). Position parity conjugates V to —V and
preserves P, so the isolated eigenvalue is even in ¢; the next remainder is sixth order. Finite
dimension, the uniform gap, and compactness of the link configurations give a uniform remainder
on any fixed smaller perturbative interval. Finally the retained central weights (—2,3) give the
factors twelve and eighteen exactly as in (29). O

The root singlet and the equal excited-state penalty are essential to this coefficient. Other
microscopic matter spaces and penalties change the denominators and contractions. In particular
2t} /(mA3)) is not the rotor coefficient 5A*/(2A3) under a relabeling: the models have different
virtual paths and different retained sectors.
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For unequal positive edge hoppings t;,, and positive position penalties Ay ;,, Ao, A3y,
the first oriented loop still has the directly calculable coefficient

3
Kjloop _ 2 Hj:O t],m
m. = .
mAl,mAQ,mAS,m

(50)

Backtracking and folded terms at fourth order remain independent of the holonomy. This follows
by enumerating the same two oriented cycles and their three intermediate positions. The root
nonsinglet penalty must remain positive for the isolated-band expansion, but is not visited by
those shortest cycles.

18.3 Turning the loop energy into a finite-volume gauge Hamiltonian

Take a finite record cell complex and Hynx = L2(G¢.,dg). The two block link matrices act

by multiplication and obey the determinant relation as operator-valued functions. At every
square attach one auxiliary space of each rank as above. With independent positive constants
Qyq, introduce the electric operator

1
Hp = 5 Z [043C3,e + OégCQ,e + a1Nz} , (51)

e

where C,,, . are the quadratic left-invariant Casimirs on the simple ideals and N, generates the
normalized relative central circle. Together they form a positive elliptic Laplacian on each
compact link group. The global quotient restricts allowed representations; it does not introduce
an additional independent angle. Define

Hmicro = HE + Z H, ,m(g) (52)

p7m

It is a self-adjoint, bounded-below, gauge-invariant finite-volume Hamiltonian with compact
resolvent. Indeed Hp is elliptic on a compact product manifold, the auxiliary spaces are finite,
and the remaining terms are bounded. It has finite heat trace. Invariant sewing selects a
conserved physical Gauss sector including the auxiliary charges.

At Hr = 0 the auxiliary elimination is pointwise in the link variables, so Theorem 18.1 is an
exact statement about the expansion of the resulting low-band potential. With nonzero Hg,
elimination also corrects electric motion because its derivatives act on the dressed auxiliary
states. Formally the first such corrections are of order Hg(t/A)?, in addition to the potential
corrections O(t%/A%). Power counting therefore isolates the displayed Hamiltonian through
fourth order if electric energies are of order A(t/A)*. This estimate is meant on fixed finite
electric representation sectors, including the finitely many sectors reached by the displayed
transfers. It is not a uniform operator-norm expansion for an unbounded electric Laplacian on
all states. A rigorous continuum or growing-volume estimate requires further control.

Within that explicit low-energy expansion the effective Hamiltonian is

Heg = Hg + Econst + Z KI%°P[m, — Re Tr Wp,m] + higher-order terms. (53)

p7m

Its links are quantum configuration variables, and Hg generates their motion; the loop energy
is not merely a phase accumulated under an externally prescribed projector path. This is an
autonomous finite-volume gauge model. The link Hilbert space, electric operator, auxiliary
penalties, and record adjacency remain explicit model inputs. The seven-state source and
completion axioms have not selected them.
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18.4 Discriminating predictions of the specified completion

Three tests now have a common microscopic normalization. First, the loop coefficient is fourth
order in hopping and inverse cubic in the auxiliary gap. Second,

KIQOOP_S to 4 Ag 3 54
(i) (5) o0
Equal hoppings and gaps give 3/2, but equality is a further microscopic symmetry assumption.
Third, the primitive central stiffness residual vanishes at the calculated leading order. Extra
representations, correlated auxiliaries, other loop interactions, and higher-order elimination
can change that residual. Gauge invariance alone cannot protect it. These are independently
measurable or numerically computable properties of this model, not identified Standard Model
couplings.

The two-loop-block construction is a particularly focused next link in the SMM/DTT program:
carrier reuse, temporary incompletion, and invariant return determine a definite interaction
once their Hamiltonian is given. The next foundational task is to derive this Hamiltonian, or a
robust universality class containing it, from an independently motivated joint record update. A
proposed derivation that simply adds (47) as another axiom has supplied a model, but has not
proved its inevitability.

19 From gauge geometry to Yang—Mills dynamics

Gauge covariance does not make a background Berry connection a propagating field. To
obtain interactions, the retained sectors must have physical fluctuations whose connection
variations survive the low-energy limit. A microscopic derivation must establish their kinetic
term, constraints, and coupling to physical matter.

Proposition 19.1 (Conditional leading curvature action). Assume an emergent four-dimensional
Lorentzian metric, a physically variable connection, a local analytic derivative expansion, gauge
and Lorentz covariance, no preferred background tensors, and a nondegenerate positive parity-
even quadratic kinetic term. At quadratic order in curvature, the leading pure-gauge action is a
sum of Yang—Mills terms, one for each simple ideal and the Abelian factor, up to independent
coefficients. Parity-odd topological terms may also occur.

Proof. F transforms by conjugation. A quadratic local scalar contracts spacetime indices with
the metric and Lie-algebra indices with an invariant bilinear form. On each compact simple
ideal that form is unique up to scale; invariant cross terms between inequivalent simple ideals
and the center vanish. The one-dimensional center admits its own coefficient. Contraction with
the oriented volume tensor gives the parity-odd terms. Terms with additional derivatives or
curvature powers occur at higher order in the assumed expansion. O

For anti-Hermitian curvatures use (X,Y) = — Tr(XY) on the simple factors and a fixed
positive normalization on the center. In signature (— + ++) the parity-even action is

uv
Skin__jl/ \/jgdélx |:<F37F3>+<F27F2>+fyuf ’
X

92 93 93

where the first two contractions include spacetime indices. The three positive coeflicients are
independent; no coupling unification follows. The central generator idiag(—21I3,312) fixes the
integral normalization inherited by the matter module in Section 22; its physical identification
still requires M1-M4 and a coupling normalization.

For a matter representation p, covariance permits D, = 0, + p«(A,); it does not select
p. Gauss constraints require a stated physical state-space or action principle, such as the
coherent sewing rule of Section 9; they do not follow from passive frame freedom alone. Anomaly
cancellation is an independent requirement for any proposed chiral matter content.
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19.1 Retained carriers and removable completion sectors

A physical retained carrier can support observable transport. A removable auxiliary completion
sector must instead leave no unintended finite-energy gauge field. Rank one alone does not
ensure this: a line bundle can have nonzero Abelian curvature or flat holonomy. Any residual
band connection must be proved unobservable, identified with already declared physical data,
or decoupled with its responses controlled. A finite inner-cycle gap is not a four-dimensional
Yang—Mills mass gap.

19.2 What the microscopic models settle and leave open

The models in Sections 17 and 18 settle an existence question: specified incomplete-transfer
dynamics can generate loop energy, and the non-Abelian construction is compatible with the
retained 3 + 2 group. Quantization on a compact link group with a positive electric Laplacian
supplies an autonomous finite-volume system. This is a stronger result than curvature accessibility
under externally chosen controls. It is not yet a derivation of those quantum links or their
Hamiltonian from the original finite source.

The remaining benchmark has four parts. A single joint update must generate the record
adjacency and the allowed comparison variables; select its completion Hamiltonian without
fitting the desired loop coefficient; produce a stable low-energy phase with controlled temporal
and spatial response; and decouple auxiliary sectors while preserving the physical constraints
and matter measure. An extended-volume or continuum limit must control the electric spectrum
and perturbative remainders beyond the fixed-sector counting used above. A flat vacuum is
fully compatible with a successful dynamical gauge theory. The excluded possibility is a theory
permitting only flat transport and no physical gauge fluctuations.

Equation (53) supplies the explicit finite-model realization of the earlier schematic target

Heg =Y ag|lEDN? + Y V(Wp3, Wp2) + Hunatter + - - Gulphys) =0.  (55)

e7a p

Its genuine chiral matter term is still to be constructed. Neither the primitive static relation
K1 = 12k3 4 18k9 nor a fixed carrier gap establishes equality of temporal kinetic coefficients, a
universal propagation speed, confinement, or a four-dimensional continuum Yang—Mills mass

gap.

20 Seven-cycle response and perturbation budget

Definition 20.1 (Common physical normalization). Let one completed source step have duration
7. Define the two response operators with the same coefficient h/T:

h h
Gy=—|I—Ks|,  Ky=Klg, Gy=_[Dy|

The common factor cancels in every dimensionless gap ratio. Here the defect response is a
protecting excitation gap outside its kernel: Ga|g, = 0. It is not an intrinsic doublet energy or a
particle mass.

Theorem 20.2 (Exact source response). The lowest nonzero triplet response and defect response

satisfy
gap(Ga) 1

gap(Gs) e 2sin(m/7)
With the original adjacent-frequency labeling, the recurrence also gives the internal chord ratio
sin(27/7)
sin(m/7)

= 1.152382435481243 . . ..

pr = = 2cos(m/7) = 1.801937735804838.... ...
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Both are independent of a Standard-Model finite geometry.

Theorem 20.3 (Rigidity within the stipulated response class). Any correction restricted to
the exact response definitions in Definition 20.1, the reqular-cycle relations, the marked cut,
and a single common clock coefficient changes (K,Q) only by unitary equivalence, a discrete
automorphism of Zr, and common multiplicative normalization. Such corrections leave t7 and,
when adjacent-frequency labeling is preserved, p7 exactly invariant.

Proof. Every real regular representation of Z7 with a marked orthonormal orbit is unitarily
equivalent to the shift representation. Automorphisms permute the nonzero characters. A
common coefficient cancels in ratios. General symmetry-preserving effective corrections, such as
spectral functions of K or independent block terms, are outside this restricted response class.
No radiative nonrenormalization theorem is asserted. O

No-go theorem 20.4 (Generic infrared mass-ratio claim). The group S(U(3) x U(2)) alone
permits independent gauge-invariant renormalizations of the triplet and doublet blocks. Therefore
t7 cannot be advertised as an infrared particle-mass ratio unless an additional Ward identity
proves equality of the two block renormalizations. The theorem predicts a source-transfer response,
not a Standard-Model mass.

20.1 Uncertainty budget
Put s = 2sin(7 /7). If |32 — 1] < ey and |33 — 5| <e3 < s, then

S€9 + €3

~_ < =2 1 7S 56
F=rl < oy (56)
T_l‘gsmes, (57)
r7 S — &3

For equal errors e5 = e3 = 1073, the relative bound is 2.155 x 1073, Common timing and energy
calibration cancel exactly. A measured block-dependent normalization mismatch n = Zy/Z3 — 1
contributes an additional relative systematic |7)|.

Falsifier 20.5 (Direct finite-source test). Implement the seven-state shift and its marked cut in a
photonic walk, trapped-ion qudit, superconducting qudit, or exact numerical transfer matrix.
Use one calibrated step time for both blocks. Process tomography must show:

(a) first return at seven and no hidden orbit state;

(b) a three-line positive-frequency sector;

(¢) a two-dimensional doubled cut-defect kernel;

(d) fixed-algebra dimension 9 + 4 = 13 after record mixing;
(e) no designated retained right in/out polarization and no extra fixed selector algebra;

(f)

Failure rejects this finite implementation under the stated calibration and record assumptions.

Implementing a designed seven-state clock is a check of the model, not evidence that nature
realizes SMM/DTT.

f) 7 within (56).

21 Robustness and no-go summary

46



Statement

Consequence

Frobenius rigidity
Minimal quadrature

Octonionic alternative

K-alone marker obstruc-
tion

Projector-erasure no-go
Polarization obstruction
Curvature-only no-go
No-extra-factor theorem
Frame/holonomy distinc-

tion
Mass-ratio no-go

The source class has only the quaternionic noncommutative
branch.

Orders below seven are incomplete; orders above seven contain
spectators.

If one selects the octonionic source and retains the same quadra-
ture rule, the order is fifteen; nonassociativity alone does not
force that branch.

A source/reset interface is logically necessary; a closed operator
cannot generate a noninjective record expectation.

Selector projectors must act in a complementary algebra; stan-
dard form provides the canonical complement.

A designated retained right polarization reduces the doublet
stabilizer to U(1)2.

Zero determinant curvature does not control flat periods; the
global wedge tensor does.

For the stipulated record model, selector mixing and block de-
phasing fix the declared carrier algebra; the retained total wedge
leaves one relative U(1).

The conditional frame stabilizer is fixed; actual source holonomy
requires a curvature calculation.

A source spectral ratio is exact, but an infrared mass interpreta-

tion needs a separate nonrenormalization theorem.

22 Focused extension: one-generation matter reconstruction

The preceding construction provides an internal 3 + 2 carrier and transport, not fermions. We
now ask whether a single, explicitly specified matter functor supplies a complete generation
without separately assigning its six multiplet charges. The answer is affirmative under a new
exterior-completion principle, together with an independent spacetime Weyl-field assumption.
This is a conditional representation reconstruction, not a proof that these assumptions are
realized in nature.

22.1 Additional matter principles and their temporal motivation

Set £ = FE3® F», with rankc, £ = 5 and retained unit tensor 7 € det 2. The use of C; continues
to mean the selected ordinary complex phase algebra, not a split-complex temporal unit. Add
the following principles:

(M1) Exterior composition. Internal matter labels form the cyclic vacuum module of five
canonical anticommuting creation operations associated with E. No independent flavor
multiplicity space or additional elementary internal label is introduced.

(M2) Vacuum-connected pair completion. The retained internal matter module is the
full sector reachable from the distinguished degree-zero vector by arbitrary pair creation;
internal odd degree is excluded from the retained module. Closure includes every even-
degree monomial, not just a chosen list of representations.

(M3) Spacetime field interpretation. Each retained internal component labels an independent

left-handed Weyl field on an assumed four-dimensional oriented spin spacetime. A conjugate
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internal module is not added as another set of left-handed fields. Antiparticles are those of
these quantized fields, rather than an extra mirror generation.

(M4) Inherited gauge action. Matter transforms only by the exterior lift of the source-
compatible Gy action. There is no independent central character twist, degree rephasing
gauge field, or extra gauge factor.

SMM’s common source motivates reuse of E rather than independent charge labels. Pair
completion is a proposed interpretation of a conjugate-completion interface. Neither motivation
proves CAR, selects even internal degree, or establishes Lorentzian chirality. M1-M4 are
new physical restrictions. Their advantage is that, once stated, the multiplet list and relative
hypercharges are calculated together. Their selection is the principal unresolved physical problem
of this extension.

Proposition 22.1 (Cyclic exterior module and retained rank). The finite cyclic CAR vacuum
module is AE of dimension 32. Under M2 its retained module is

My =A""E = A"E @ A’E o AE, dimc, My =1+10+5 = 16.

Proof. For an orthonormal basis e;, the creation operators obey a;raj- = —a;aj- and the annihila-

tion operators obey {a;, a}} = 0;;. Applied to a normalized vacuum annihilated by all a;, the
ordered monomials for all subsets of {1,...,5} form an orthonormal basis. They identify the
module with AE. Every even monomial is a product of pair creators, and every product of pair
creators has even degree; dimensions are the binomial coefficients shown. O

Pair reachability here is an algebraic closure statement, not time evolution under a charge-
conserving Hamiltonian. Individual pair creators can carry gauge charge; realizing such transitions
physically requires specified fields or an environment exchanging that charge. This finite internal
CAR construction does not derive the spin—statistics theorem. Its degree-zero vector is an
internal label, not the physical no-particle vacuum of a spacetime quantum field theory. M3
assigns a Weyl field even to that component. Internal exterior degree and physical Fermi parity
are different notions.

22.2 Primitive central generator and quotient compatibility

Proposition 22.2 (Inherited central charges). The primitive integral central circle of the
source-compatible action on E is, up to orientation,

g(0) = diag(e *"I,€*" 1), 6~ 0+ 2m.
The charge operator on an exterior monomial containing p triplet factors and r doublet factors is
q(p,r) = —2p + 3r.

In the conventional hypercharge normalization Y = q/6, all relative hypercharges of M4 are

fized.

Proof. A scalar central action has integer weights (a, b) on the two blocks. Retention of 7 requires
3a + 2b = 0. Coprime nonzero solutions are (a,b) = (—2,3) and its sign reversal. Exterior
multiplication adds weights, giving the formula. The choice of orientation identifies the branch
called particles. Division by six is a convention fixed below by the neutral component of a weak
Higgs doublet; it does not determine a gauge coupling. O
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A determinant twist is trivial on Gg... Other character twists of the matter module are not
excluded by the group alone; M4 excludes them by requiring the unmodified exterior action.
Write the covering map as

(A, B, z) — diag(z2A, 2°B).

Its kernel is generated by (e*™/31I3, —I5,e'™/3). A representation with color triality t3, weak
center parity to, and integer central charge ¢ descends to the quotient precisely when

q+2t3+3ta =0 (mod 6). (58)

Every exterior sector satisfies this condition: t3 = p (mod 3), t =7 (mod 2), and ¢ = —2p + 3r-.
Thus quotient descent is inherited without extra charge assignments. Conversely, the congruence
alone allows infinitely many charges and does not determine the Standard Model spectrum.

22.3 One generation as an explicit decomposition

Theorem 22.3 (Conditional one-generation reconstruction). Under the earlier 3+2 source/record
construction and M1-MJ, the retained internal module decomposes as

My =(3,2)16D (3,1) 273D (3,1)1/3
b (1? 2)—1/2 @ (11 1>1 D (17 1)0' (59)

With M3 these are one Standard Model generation in all-left-handed notation, together with a
sterile conjugate-neutrino field. Fach multiplet has multiplicity one. No separate hypercharge
parameter is asstgned to any multiplet.

Proof. Use AF(E3 @ Es) = @Hr:k APE3 ® A" Es. In degree two, (p,r) = (2,0),(1,1),(0,2) give
respectively the color antitriplet, quark doublet, and charged singlet. In degree four, (2,2),(3,1)
give the remaining antitriplet and lepton doublet. Degree zero gives a singlet. Their weights
follow from Proposition 22.2. The SU(3) identification A23 2 3 and the SU(2) identification

A%2 22 1 yield the stated decomposition. O
Field Internal sector SU(3)x SU(2) Y ¢ Dimension
Q Es ® By (3,2) 1/6 1 6
u  A2Fs (3,1) —2/3 -4 3
de ANEs@ A’E;,  (3,1) 1/3 2 3
L N3E3 ® B, (1,2) -1/2 -3 2
e¢ A%E; (1,1) 1 6 1
ve AE (1,1) 0 0 1

Table 5: Calculated multiplets of the exterior completion. Superscript ¢ denotes a left-handed
charge-conjugate field, not an additional right-handed Weyl field.

The determinant tensor gives A*E = E* so the same result is 1 ® A?5 @ 5 under the
algebraic SU(5) embedding. This is the familiar 1 & 10 & 5 packaging and the even half-spin
construction used in Spin(10) representation theory [1]. We do not claim a new exterior-algebra
origin of the generation. The proposed extension connects that established matter functor to the
previously constructed temporal carriers, with explicit hypothesis and verification boundaries.
Neither off-block SU(5) gauge bosons nor Spin(10) gauge dynamics are introduced. The retained
splitting keeps the gauged group Ggec.
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22.4 Chirality, mirrors, and a finite completion selector

Proposition 22.4 (Odd parity is the conjugate internal module). The retained tensor and
metric identify A°YYE with the complez-conjugate representation of M. Keeping both modules
as independent left-handed Weyl fields gives vectorlike mirror pairs, whereas M3 keeps only M
as independent left-handed fields.

Proof. The perfect wedge pairing A*E @ A>"*E — det E and 7 identify complementary degrees
as dual representations. Since five is odd, they exchange parity. The Hermitian metric identifies
the dual with the conjugate representation. A left-handed field in a representation and an
independent left-handed field in its conjugate can admit an invariant Dirac mass pairing. [

An internal parity selector can be displayed without assigning individual multiplet energies.
Let N be exterior degree, IT = (—1)", and

Hpair = AITH, A > 0.

It has a rank-sixteen zero-energy even sector and a rank-sixteen odd sector at A, and commutes
with the lifted gauge action. Pair creation and annihilation preserve this splitting and connect
the vacuum to all even sectors. This is a finite internal Hamiltonian implementing M2. It supplies
neither a Lorentzian Weyl operator nor a regulator for a chiral gauge theory. In particular
a gauge-invariant internal penalty is not, by itself, a local Lorentz-invariant mass term that
removes a mirror generation. A physical mirror-decoupling mechanism and spacetime chirality
remain independent problems. The proposal deliberately avoids identifying exterior parity with
left /right spacetime chirality.

22.5 Anomaly checks and their scope

Theorem 22.5 (Perturbative anomaly cancellation and the usual weak global test). The left-
handed module in Theorem 22.3 cancels the SU(3)3, SU(3)2U(1), SU(2)2U(1), U(1)3, and
mized gravitational-U(1) anomalies. It also has an even number of fundamental weak doublets
and passes the usual SU(2) Witten test on spin backgrounds.

Proof. Normalize the color fundamental cubic coefficient to one and ignore common nonzero
factors in mixed indices. Using integral charges, the anomaly coefficients are

Agzz=2—-1-1=0, (60)
Aszzg =2(1) + (—4)+2 =0, (61)
Aazq = 3(1) + (=3) =0, (62)
Agerav = 6(1) +3(—4) +3(2) +2(-3) +6+0=0, (63)

Aggq = 6(1)° +3(=4)% +3(2)° +2(=3)° + 6> + 0 = 0. (64)

The weak doublet count is 3 + 1 = 4. The weak cubic perturbative anomaly vanishes because
its representations are pseudoreal; mixed terms with a single simple-group generator vanish by
tracelessness. Replacing ¢ by Y = ¢/6 rescales zero coefficients to zero. O

The familiar weak global anomaly is discussed in [4]. These checks establish the displayed
anomaly tests for the proposed module. They are not a complete analysis of every quotient-group
bundle on arbitrary non-spin backgrounds, a construction of the quantum chiral measure, or an
existence proof for the interacting continuum theory. No anomaly computation derives M1-Ma3.
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22.6 Why anomalies alone do not select these charges

A useful adversarial test is to forget the inherited exterior action. Keep the same six non-Abelian
representations, with arbitrary Abelian charges, and allow Dirac Yukawa interactions with one
doublet of charge h. Writing « = q¢ and ¢ = ¢z, invariance requires

QU:_w_h7 Qd:—$+h, Q€:_£+h7 ql/:—e—h

The weak mixed anomaly imposes ¢ = —3x. The color mixed and gravitational anomalies then
vanish identically, and the cubic anomaly is

Agge = —6h*(3z +£) = 0.

Thus this enlarged ansatz retains two charge parameters (z, k) rather than a unique hypercharge
assignment. Choosing (x,h) = (1,3) recovers the inherited integral charges. This ambiguity
with a neutral-fermion extension is established in the charge-quantization literature [3].

For the present spectrum the corresponding B — L charges are

(1/3,-1/3,-1/3,—1,1,1)

for (Q,u¢, d° L,e v°). They and Y span the continuous charge solutions above; the mixed cubic
coefficients Tr Y2(B — L) and Tr Y (B — L)? both vanish. Arbitrary real combinations need not
exponentiate to a compact group on the declared charge lattice, but the local anomaly equations
alone do not fix that lattice or the inherited action.

The exterior principle removes this freedom by fixing the action on all degrees simultaneously
and making AYE neutral. In the ansatz above, ¢, = 0 gives h = 3z, leaving only overall
normalization; the primitive central circle fixes that normalization in integral units. Alternatively
a nonzero Majorana term for v requires 2¢, = 0 for a continuous U (1) and has the same local
effect. The latter is an additional interaction assumption, not an explanation for why the exterior
functor is selected. Anomaly cancellation validates the reconstructed representation; it does not
independently reconstruct it.

22.7 Minimal Higgs interface and permitted interactions

To discuss electric charge and masses, add a scalar section H € Fs, without adding a color-triplet
scalar. This is an extra scalar-sector assumption. Its integral charge is 3, hence Yz =1/2. If a
nonzero vacuum expectation value lies in the 75 = —1/2 component, the generator leaving it
invariant is

szﬂ+%:n+y

It gives Q = (2/3,—1/3), L = (0,—1), and singlet charges u® = —2/3, d*=1/3, e =1, v = 0.
This reproduces charge assignments conditional on the Higgs interface and breaking direction.
No Higgs potential, nonzero vacuum, or mass scale is derived.

Proposition 22.6 (Gauge-compatible Yukawa interfaces). For this scalar interface the invariant
trilinear structures include

Qu°H, QdA°H*, Le®H™, Lv°H.

A singlet Majorana bilinear vev° is also allowed. Their coefficients are independent parameters
under Ggre.

Proof. The respective integral charge sums are 1 —4+4+3,1+2—-3, =3+6 —3, and -3+ 0+ 3,
all zero. Color indices contract a triplet with an antitriplet; weak indices use the invariant
alternating tensor or the dual pairing. Their intrinsic origin can be written using 7: the up
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interface is A°E ® A2E ® E — det E by wedge multiplication. The down and charged-lepton
interfaces use o A 1«3 for a € A’E, € A*E. The neutrino interface wedges A*E with H € E
and multiplies by the degree-zero singlet. Restricting H to E» gives the listed channels. Lorentz
spinor contractions use M3. O

Corollary 22.7 (Unbroken-phase mass obstruction). For a single retained generation, the only
gauge-invariant Weyl mass bilinear without extra scalar fields is the sterile v°v° term. None of
the five charged multiplets has a conjugate partner in M.

Proof. A mass bilinear must have total central charge zero. Among the integral charges
1,—4,2,-3,6,0, the only zero sum of two entries is 0 + 0. The sole zero-charge component is the
gauge singlet, so it admits the symmetric internal bilinear needed for a single two-component
Majorana field. This is an unbroken-phase selection rule, not a calculation of its coefficient. [

A common wedge notation does not force equal Yukawa coefficients: the retained 342 splitting
allows invariant sector projections and independent coefficients. No SU(5) mass relation, proton-
decay rate, or coupling unification follows. Gauge symmetry also permits higher-dimensional
baryon/lepton-number violating interactions, such as QQQL and u‘u®de®; their integral charge
sums vanish. Their absence would need an extra physical restriction. The construction is not a
phenomenological model until interaction strengths and scales are determined.

22.8 What temporal orientation can contribute to spin

The quaternionic source offers a geometric spin interface once an operational spatial coframe has
been constructed. Unit quaternions act on W = ImH by w + qwqg~!. This map from SU(2)
onto SO(3) has kernel {1, —1}: a quaternion commuting with all imaginary quaternions is real,
and a real unit is 1. For a unit imaginary axis u,

q(0) = cos(6/2) + usin(6/2)

implements a spatial rotation by 6. It ends at —1 after 27 and returns to +1 after 4w. A
nontrivial loop in the oriented spatial frame space therefore has the familiar sign-changing spin
lift. This explains what a temporal orientation cycle would have to realize to support a spinorial
response.

It does not show that every source cycle is that nontrivial loop, that the physical carrier
transforms in the spin-1/2 representation, or that its excitations obey CAR. The spatial spin lift
acts on the spacetime spinor factor. The weak SU(2) acts on the independently retained defect
factor. Their equal abstract group type does not identify their physical actions. M3 still requires
a four-dimensional spin structure and a Weyl-field interpretation; internal exterior parity is not
spacetime chirality.

22.9 A precise test for any proposed three-family extension

A natural complex surface associated with a three-dimensional complex space V' is its ray space
CP? = P(V). If one chooses the positive line bundle O(1), its global holomorphic sections are
the linear homogeneous polynomials on V', so

H(P(V),0(1))=V*  dim=3. (65)
For comparison, the canonical spin-c Dolbeault index is

indéo(l)_/w eth(T(CIPz)—/(1+h+h2/2)(1+3h/2+h2)—3,

where h = ¢1(O(1)) and [ h* = 1. The Euler sequence gives ¢1(T) = 3h, co(T) = 3h%, hence
the displayed Todd class. The index formula is standard [40]; the direct section count already
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establishes the three holomorphic modes for this specified bundle. A bare index controls a
difference of chiral kernel dimensions, not the exact kernel under arbitrary perturbations. Metric,
operator, bundle, and stability assumptions are necessary when interpreting it as a protected
low-energy spectrum.

Proposition 22.8 (The color carrier cannot be counted again as three neutral families). If
V in (65) is the same gauge triplet Es used in the reconstructed generation, its section space
carries the dual color action, not a trivial flavor action. Tensoring that space with M4 does not
give three gauge-identical generations.

Proof. For a linear functional ¢, the induced action on sections is (gf)(v) = (g~ v), precisely
the dual representation. The quark doublet factor would therefore contain 3 ® 3 = 1 @ 8 under
color, rather than three copies of 3. The remaining multiplets also change. The central action
on the lifted line bundle must likewise be tracked even when its action on the projective base is
trivial. O

A viable family construction needs a separate gauge-neutral multiplicity space F' with Gy
acting as identity, giving F' ® M. If dim F' = 3, the displayed anomaly sums are multiplied by
three and remain zero. The physical selection of that space, its positive line bundle and operator,
its decoupling from color, and its flavor interactions remain to be derived. The number three
in a source carrier, a spatial coframe, and a family index cannot be counted as one theorem
without explicit maps proving their different roles.

22.10 Spectral masses are compatibility relations, not selected constants

If an independent compact internal operator has eigenvalues A, and separation of variables
produces a spacetime wave equation with mass term, then in the convention that A, has inverse-
length squared units one obtains m,, = hy/)\,/c. This is a conditional dispersion relation. Neither
a compact inner coordinate nor the phase theorem selects the operator, its radius, its boundary
conditions, or its coupling to the retained Weyl fields. For example rescaling that operator by
a positive constant changes all such masses while leaving its polar phase and symmetry group
unchanged. Consequently neither the internal parity gap, the auxiliary completion gap, nor the
seven-cycle chord gap can be identified with an observed fermion or gauge-boson mass without
an explicit matching calculation.

22.11 Selection tests, alternatives, and the next decisive calculation

The extension has sharp internal tests. Its retained module has rank sixteen, with degree
multiplicities (1,10, 5); dropping the neutral degree-zero sector produces rank fifteen but breaks
the stipulated complete vacuum-connected module. The five charged multiplets still cancel
the displayed anomalies if that singlet is removed, so anomaly cancellation does not require its
physical existence. Keeping both parities as independent left-handed fields produces a mirror
spectrum. Keeping only degree two produces ten components with nonvanishing color cubic
anomaly 2 — 1 = 1; keeping only degree four produces five with coefficient —1. Multiplying by an
arbitrary flavor space produces multiple generations and violates M1’s no-multiplicity condition.
These are discriminatory tests of M1-M4, not independent observations of SMM/DTT.

The next physical calculation should derive a local completion dynamics that selects M1-M4
before looking at the desired multiplets. It must explain the CAR interface, vacuum-connected
even module, and spacetime Weyl interpretation together; preserve the anomaly-free measure;
and determine whether the singlet remains physical, decouples, or acquires a mass. The finite
Hp,ir is a reproducible selector witness, not a solution to those dynamical problems. Three
generations, flavor mixing, masses, coupling strengths, and Lorentzian geometry remain outside
the matter extension. Autonomous finite-volume gauge dynamics has a separate explicit model
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in Section 18, but its coupling to a selected chiral continuum matter theory remains open.
Reproducing one generation is a stronger compatibility result than recovering a frame group,
but neither result establishes that nature realizes SMM/DTT.

23 What the combined reconstruction makes necessary

The strongest conclusion is a conditional structural theorem with a microscopic existence witness.
It is stronger than a gauge analogy and weaker than an ontological uniqueness claim.

Theorem 23.1 (Predictive completion, invariant composition, and generated interaction).
Suppose a generative model supplies (i) the phase-compatible 3+2 records and retained determinant
tensor constructed here, (i) a future test family resolving coherent history transport, and (iii)
composable faithful comparisons with independent endpoint presentations. Then a predictively
sufficient completion retains relational transport data; their frame group is S(U(3) x U(2)), and
their smooth local limit is a connection. If invariant internal sewing is also adopted, completed
amplitudes obey the corresponding Gauss constraints. If the joint Hamiltonian is the singlet-loop
model (52), then its static auziliary elimination generates the two-block magnetic term with
coefficients (49), and a positive electric Laplacian gives autonomous finite-volume link dynamics.
Under M1-M/, the same internal carrier has the one-generation matter module of Theorem 22.5.

Proof. Theorem 3.3 forbids deletion of transport distinctions resolved by the future tests.
Theorems 3.5 and 3.6 give the comparison law and its differential limit, and Theorem 8.2
identifies the frame group. Theorem 9.2 gives the constraint sector. Theorem 18.1 computes the
magnetic term, while (51) supplies the specified electric motion. The exterior decomposition
proves the last statement. O

The assumptions are not interchangeable. The behavioral theorem does not generate a 3 + 2
carrier; the carrier does not select a graph; sewing does not select a Hamiltonian; and an internal
exterior module does not select Lorentzian chirality. The theorem collects a compatible set of
independently checkable implications rather than hiding those inputs inside the phrase temporal
generation.

23.1 A counterfactual necessity test

Within a specified comparison class, necessity can be tested by removing one operation while
keeping the physical targets and observations fixed.

Operation removed Consequence under the stated hy- What the test does not
potheses prove

All transport distinc- Interference-distinguishable histories No preferred storage for-

tions are merged; predictive sufficiency mat is forced.
fails.
Additional relational Independent endpoint structural A recorded shared refer-
comparison data give only a zero natural com- ence remains an allowed im-
parator. plementation.

Completion outside a FExact selector erasure cannot be A larger unitary dilation is
closed reversible algebra implemented by a same-algebra re- allowed.

versible conjugation.
Coherent internal Frame-invariant density matrices can  Gauss neutrality does not
sewing retain nonsinglet sectors. follow from twirling.
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All virtual transfers in
the singlet model

Flux control in the
cyclic rotor family

Faithful spatial displace-
ment data

Its generated loop coeflicient van-
ishes as t4.

The finite-region thermal trace di-
verges at kK = 0.

The same local clock fits graph di-
mensions ¢ = 1,2,3,....

Other Hamiltonians can
generate loops by other
mechanisms.

Neither a universal electric
term nor its coeflicient is
selected.

Internal rank alone is not a
dimension law.

These counterfactuals explain the proposed foundational roles of inner generation and
completion. They do not exclude conventional gauge theory or other emergent constructions
that supply the same structures under different names. To prove SMM /DTT necessary for a
target class, the comparison class must be defined independently of these desired conclusions
and all its alternative realizations must be addressed.

23.2 A unified set of quantitative tests

Test,

Calculated result

Assumptions tested

Clock and defect response

Completion-control curva-
ture
Primitive loop response

Singlet-loop scale

Rotor cycle hierarchy

Unclosed retained evolu-
tion

Dimension readout

Matter content

ry = [2sin(7/7)] 71

Rank twelve and the stated inverse-
norm stability bound

C = k1 — 12k3 — 18ko = 0 at the
calculated order

Km = 2t /(mA3)

K¢/Ky = (63/20)(\/A)? at first cy-
cle orders

I —T*T = t*CH(I — P)YHC*/R? +
o(t?)

Ball growth 7% and return law n~
in the declared regular regime

3/2

Six multiplets, sixteen internal com-

Regular source, declared
cut, common response
normalization.
Admissible control class
Al1-A4.

Two independent
defining-carrier loops.
Singlet return, unitary
edges, specified penalty.
Uniform zero-x denom-
inators and simple cy-
cles.
Specified

compression.

amplitude

Source-derived displace-
ment and diffusion.

M1-M4.

ponents, inherited charges and zero
displayed anomalies

Some tests are exact identities of their finite models; others are controlled leading coefficients
or conditional large-scale laws. Their calibrations must be identified independently of the data
they are used to explain. A designed simulation verifies a construction. Evidence for nature
realizing SMM/DTT would require an independently selected physical implementation and a
discriminating outcome shared by the proposed microscopic principles but not freely fitted by
alternatives.

24 Scope and reproducibility

The transport construction alone does not derive matter or the dimension of physical space.
Section 22 adds a conditional one-generation module and its inherited hypercharges; its spacetime
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Weyl interpretation is assumed. Section 13 proves that the local clock and record operations
admit graphs of different dimensions. Lorentzian geometry, gravity, physical chirality selection,
multiple generations, Higgs dynamics, Yukawa values, monopole particles, confinement, and a
continuum mass gap remain open. They are not consequences of the frame stabilizer.

Finite-matrix checks concern the seven-state shift, reflection, Fourier ranks, the rank-five
truncated shift, doubled defect kernel, and the standard-form fixed-algebra dimensions. They
cannot validate the physical source axioms, smooth global descent, or continuum field dynamics.
The accompanying executable verification package checks the displayed finite examples and
scalings. It does not replace the proofs or certify continuum physics. The algebraic proofs and
the local connection calculation are given explicitly; global source-compatible gluing remains a
stated assumption.

25 Comparison boundary

Section 1.2 identifies the paper’s exact contribution and the established ingredients it uses. The
following broader programs begin and end at different reconstruction stages.

e Almost-commutative noncommutative geometry [18, 19] can recover the Standard-Model
spectrum and gauge symmetry from a chosen finite geometric framework; the present
paper does not import that finite geometry; its matter extension uses a separately stated
exterior-completion principle.

¢ Division-algebra programs [20] obtain rich Standard-Model representations and symmetry-
breaking chains from combinations of C, H, and O; the present theorem uses only the
associative norm-composition classification to select the source rank and then derives a
recurrence and record frame group.

e Causal-fermion-system constructions [21] obtain effective Standard-Model interactions in a
continuum limit of a specified fermion system; the present transport result begins before a
matter module; the exterior extension supplies a conditional module but still ends before a
continuum quantum field theory.

e String-net mechanisms [22] demonstrate emergence of gauge bosons and fermions in local
bosonic systems; they do not supply the particular finite source-rigidity theorem proved
here.

26 Claim status and research priorities

Result Scope and dependencies

Quaternionic source Algebraic consequence of finite real associativity, norm com-
position, and noncommutativity.

Seven-state recurrence Consequence of the stipulated minimal quadrature and
regular-reset rules.

Complex 3 + 2 carriers Positive-frequency selection plus real doubled defects ex-
tended through the selected phase algebra.

Selector forgetting Exact result for the specified left depolarization and block
dephasing.

Raw cut-phase obstruction Exact noncommutation, repaired by a declared scalar-
extension completion functor.
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No preferred right polariza-
tion
Determinant-linked group

Necessary gauge transport

Inner generation and com-
pleted record

Joint reference frames

Spatial dimensionality

Kato curvature

Source accessibility

Full holonomy

Curvature comparison cost

Autonomous gauge dynam-
ics

Invariant sewing

Rotor normalization

r7 response
Response diagnostics
One-generation module

Standard Model

Requires absence of an additional retained right tensor; not
absence of right observables.

Stabilizer conditional on retained splitting and global total
tensor.

Follows from R1-R3 and the structural-data-only compara-
tor obstruction; R4 gives its connection limit.

Exact selector erasure is at 2 — 2 distance at least one from
every reversible conjugation on the same algebra; this does
not single out DTT or a particular channel.

Independent local erasure preserves the full joint right al-
gebra if each right algebra is fixed; the no-shared-frame
premise still requires a joint microscopic derivation.

Z4 countermodels locate the gap. A displacement-growth
criterion, regular diffusion calculation, completion cone, and
dual point-source dimension constraint are conditional re-
sults; selection of their inputs remains open.

Exact geometry of a smooth isolated spectral bundle; com-
patibility with the total tensor is additional.

Bare oriented-frame variation is flat; declared open-
completion controls access twelve origin curvature directions
with a stability bound.

Possible for suitable connections; pointwise accessibility is
not a proof of global physical realization.

Polar comparison gives a smooth F? response; the specified
singlet-return Hamiltonian independently generates its two-
block trace form at fourth order.

An explicit finite-volume compact-link Hamiltonian is con-
structed. Its loop potential is calculated; its electric operator
and microscopic selection are inputs. Uniform continuum
control and a chiral matter coupling remain open.
Coherent Haar sewing gives the neutral Gauss sector;
twirling of density matrices does not.

Unpenalized integer circulations obstruct finite thermal
trace; positive quadratic flux control suffices in the declared
family without fixing its value.

Exact common-clock finite-source ratio; no particle-mass
identification.

Primitive stiffness closure, independent central-cost residual,
finite-record laws, and leakage bound.

Even exterior completion gives the six multiplets, inherited
charges, and displayed anomaly cancellations under M1-M4.
Physical chirality selection, generations, couplings, masses,
symmetry-breaking dynamics, and phenomenological match-
ing remain open.

Priority problems are a joint microscopic update that rules in or out pre-existing shared frame
references, a source-derived record adjacency with measured spatial and spectral dimensions, a
coframe and Lorentzian causal limit, and derivation of comparison penalties and autonomous
fluctuations from a physical Hamiltonian. Independent physical justification of the source,
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completion, and record assumptions; global descent; topology; and auxiliary decoupling must be
checked separately from local covariance. To claim necessity beyond this operational model, one
must also state a microscopic comparison class independently of the sought conclusion and test
counterexamples within it.

27 Conclusion

Predictive completion supplies a precise reason to retain gauge transport: histories that future
interference can distinguish cannot be erased merely because their endpoint structures coincide.
Independent endpoint frames give a complementary obstruction to a faithful structure-only
comparator. Retained relational maps obey the gauge-link law and have a connection limit
under smoothness. Coherent invariant sewing gives Gauss constraints, whereas ignorance of a
frame represented by density-matrix twirling does not.

The explicit temporal carrier combines a conditional quaternionic source, a stipulated
minimal seven-state recurrence, a polar triplet, and a scalar-extended cut doublet. A retained
global product-volume tensor selects S(U(3) x U(2)). The phase and exact-completion results
distinguish reversible generation from irreversible records without claiming that a many-to-one
quotient automatically destroys every descended inverse. Bare source-frame motion is flat;
additional declared completion controls access twelve local curvature directions.

The dynamical extension goes beyond a chosen geometric comparison penalty. Virtual
transfers in a compact-rotor model generate calculated simple-cycle terms, while its exact
circulation symmetry proves why normalizable finite-region equilibrium needs flux control. An
independent non-Abelian singlet-return model generates 2t+ [m — Re Tr W,,,]/(mA3,). Together
with an explicit positive electric Laplacian, its quantum links form an autonomous finite-
volume gauge system. The resulting two-block stiffness relation and its independent-central-cost
residual are specific tests of this completion, not universal gauge identities or observed coupling
predictions.

Dimension formation requires a different bridge. The finite clock works on graphs of arbitrary
dimension. An operational source displacement map with noncollapse and coarse metric control
can establish cubic growth; an independent diffusion law and delay-to-cone limit test its physical
interpretation. If the same one-form sector has both electric and magnetic point sources, degree
counting constrains spacetime to four dimensions. Deriving those point-source and displacement
properties from a common microscopic update remains the decisive spatial task.

The even exterior completion supplies one calculated generation plus a neutral singlet under
M1-M4, with inherited charges and the displayed anomaly cancellations. The standard spinorial
and exterior mathematics is credited, and a projective three-mode count is not confused with
three gauge-neutral families. The strongest justified claim is therefore a conditional reconstruction
with constructive interaction models and joint tests. It does not prove that nature uniquely
realizes SMM /DTT. A full derivation of the Standard Model still requires selection of the joint
update, a physical dimensional and Lorentzian limit, chiral matter dynamics, flavor, symmetry
breaking, and numerical matching.

A Verification protocol and calculated examples

The accompanying verify gauge v18.py uses NumPy, SciPy, and Matplotlib. It writes
verification results.json and the figure used in this paper. The checks cover:

1. exterior-sector dimensions and charges, quotient descent, CAR identities, parity-selector
gap, representation covariance, complete cubic-generator anomaly traces, Yukawa selection
rules, and charge ambiguity tests;
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2. the structural-data-only comparator constraint, spanning-tree link reduction, bare source-
frame flatness, source-preserving curvature-control rank, primitive loop-test probability,
and stiffness closure/error bounds;

3. the seventh power of the regular shift, real cut rank five, real doubled kernel rank two,
and unit singular gap;

4. the twelve-dimensional gauge algebra, six-element covering kernel, and the exact cut-phase
obstruction /6/7 and the scalar-extension realization Dg ® I3, whose real kernel rank is
four and complex kernel rank is two;

5. completely positive finite record channels, fixed-algebra dimensions, and phase-register
coherence factors;

6. polar-overlap covariance under independent random frames;
7. convergence of graph plaquette trace deficits to ||Fyy||%/2 after division by a*;

8. numerical frame-derivative curvature and projection-loss checks, including the leakage
bound;

9. exact latitude phase and survival formulas, their asymptotic coefficients, and the central
Wilson ratio.

The additional verify foundations v18.py checks exact cycle denominator sums, the non-
Abelian singlet-loop coefficients and gauge covariance, perturbative remainder scaling, phase
balance, retained evolution leakage, and the distinction between twirling and singlet projection.
These checks verify finite formulas and provide reproducible regression evidence. Infinite-volume,
global-topological, normalizability, and dimension claims rely on the hypotheses and analytic
arguments stated in the text; finite matrices cannot certify their physical realization. The scripts
are not a proof of physical source selection, global field realizability, or continuum quantum
dynamics. Random-frame checks use a fixed seed for reproducibility. Finite-difference derivative
checks use explicit small-step tolerances and do not replace symbolic identities.

A.1 Matter verification values

The independent exterior verifier builds all 32 CAR basis states and retains 16 even states. Pair
closure from degree zero reaches exactly those sixteen states. It checks all 364 unordered triples
of twelve Hermitian Lie-algebra generators through Tr[7,{T},7.}], obtaining zero for every
displayed cubic anomaly tensor component. Generator traces also vanish. Random exterior-lift
composition and unitarity residuals are below 2 x 1071%; a central-generator finite-difference
residual is below 5 x 107!, Quotient congruences, complementary-parity conjugation, the
gap of the finite selector, charge-allowed mass entries, four Yukawa sums, and five alternative
anomaly-free charge assignments are checked. These numerical and exact finite checks do not
validate M1-M4 as physical laws.

A.2 Hand-checkable values

For the seven-cycle,
r7 = 1.152382435481243 . . ., 2 cos(m/7) = 1.801937735804838 . . ..

[Pa, J]|| = 0.925820099772551 ... ..
For b = 1/4 the asymptotic coefficients are

N*(®y —n/2) — —7%/8,  N[—logSy] — 37°/4.
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For a graph generator T = idiag(1, —1) and B = T/2, ||Fy,(0)||*> = 2 and the plaquette trace
deficit divided by a* approaches one. Here g, = 2, g, = 1/2, so the leakage bound gives || F|| < 2,
consistent with | F|| = v/2.

N Oy (rad) [Py —7/2] SN

8 1.507836086 0.0629602  0.394243265

32 1.567002245  0.00379408 0.793413021
128  1.570559732 0.000236595 0.943809283
512 1.570781542 1.47851e-05 0.985646556
1024 1.570792631 3.69624e-06 0.992797347

Table 9: Exact finite-record values for the specified latitude carrier at b = 1/4. These are
calculated model outputs, not observed data.

B Assumption sensitivity and alternative models

The source algebra is forced only inside the finite associative norm-composition class. General
real operator algebras are not division algebras. Seven is selected only after one real quadrature
pair per noncentral direction and an orthonormal regular orbit are required. The scalar-extension
defect doublet is a mathematically coherent choice, but an alternative completion functor can have
different retained rank. Standard-form separation is a chosen resolution of the selector-erasure
obstruction; that obstruction does not prove its uniqueness.

Retaining two separate volume tensors would instead reduce the frame group to SU(3)x.SU(2),
while retaining neither would allow U(3) x U(2). Retaining a designated right doublet polarization
reduces its stabilizer further. These alternatives make the determinant-linked construction
sensitive to record content rather than solely to temporal counting. Flat projectors can realize
all finite source relations without any nonzero curvature. A physical source family must support
fluctuating transport with a calculated energy and temporal response if a force is claimed. It
need not exclude flat configurations or a flat vacuum.

The polar-link cost chooses a particular gauge-invariant comparison functional. Other
invariant costs introduce independent central stiffness or higher-derivative terms. The two-block
central coefficient relation is therefore a model discriminator, not a universal identity. An
eventual dynamical theory must show which fluctuations are independent, what measure or
Hamiltonian governs them, and whether a Lorentzian continuation is justified.

C Data and code availability

All reported finite-model calculations are reproducible from the accompanying Python script.
Inputs are explicit matrices and dimensionless parameters; no experimental dataset is used.
The JSON output records residuals and calculated values. The package contains the complete
LaTeX source, compiled PDF, figure outputs, verification code, calculated results, and a revision
summary. Compile from the package directory so the figure paths resolve.
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